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Abstract. The solution of problems of the theory of elasticity in terms of stresses requires
the solution of equations of equilibrium. In two and three-dimensional application, the com-
ponents of stress are frequently expressed in terms of partial derivatives of stress function,
the correct expressions being chosen so that the conditions of static equilibrium become a
consequence of partial derivatives independent of the order of differentiation. In this manner
the solution of an equilibrium equation can be obtained without any difficulty. In this paper
a systematic process is devised to derive the stress functions for the problems of torsion-free
axisymmetric state of stresses. The applied method is based on the theory of total differen-
tials. The stress boundary conditions are also formulated in terms of stress functions. The
relations between the strain compatibility conditions and the stress functions are discussed.
Different forms of solutions of equilibrium equations in terms of stress functions are also
analyzed.
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1. Introduction

For torsion-free axisymmetric state of stress the equilibrium equations can be written
as

d d

E(TUT)"F&(TTTZ) —0p+rg. = 0 (r,2)eT, (1.1)
d d
gy Trs) 5o (roz) +rg; = 0 (r2)eT. (1.2)

Here, we have used cylindrical coordinates (r, @, z) with z as the axis of symmetry.
In equations (1.1) and (1.2) o,,0,,0, are the normal stresses, 7,, is the shearing
stress and the body forces are denoted by ¢, and ¢, . All these quantities depend
on the polar coordinates r and z only. We remark that for torsion-free axisymmetric
state of stress the shearing stresses 7,, and 7., vanish in all points of the body. In
the sequel we shall assume that T is a simply connected plane region in the meridian
section of the body of rotation and 7" has not any point in common with the axis z.
The boundary of the meridian section T is the closed curve 07. The unit tangent
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and the outward unit normal to 0T are denoted by t and n, respectively. Let
R=R(s), Z =Z(s) 0<s<L (1.3)

be the parametric equation of the curve 9T, where s is the arc length measured on 97T,
and L is the total length of curve 9T'. The unit vectors in the radial and longitudinal
directions are denoted by e, and e,. It can be shown with ease that

dR, | dZ az, _dR

t—d er—l—dez7 n—dser—gez (1.4)
and
dR dz
— e p— e = — . 1
tr=—n.=—, t: =nr = — (1.5)

Let 0T, (0T, € OT) be the arc of 9T on which tractions are imposed. The corre-
sponding boundary conditions take the form

Oy + Trony = Py, TraMy + 0,n, = P, (r,z) € 0T, (1.6)
where

P :Pr(ﬂ z)er +Pz(7"7 Z)ez (17)
is prescribed on 07, .

It is the purpose of the present paper to find the general solution in terms of
stress functions to equations (1.1) and (1.2) and to analyze how the tractions and
stress functions are related to each other. Langhaar and Stippes [3] presented a
complete representation of stresses for axisymmetric stress states. The same problem
was analyzed by Filonenko-Borodich [2]. The complete representation given in this
paper is different from the solution derived by the two authors mentioned.

In Section 2 the stress function solution of equilibrium equations (1.1), (1.2) is
derived and is shown to be complete. The degree of arbitrariness of the stress functions
for a given state of stresses is then discussed. In Section 3 the traction boundary
conditions are formulated in terms of stress functions. In Section 4 the stress function
solution is derived from the principle of virtual work. Section 5 is devoted to the
problem how the different solutions to the equilibrium equations in the terms of stress
functions are related to each other. Section 6 contains some conclusions.

2. Stress Functions

In this paper we will not formulate explicitly the smoothness and continuity properties
which are required. They may be deduced from known theorems of calculus (see, for
example Courant [1], Rudin [4]).

We shall assume that the body forces can be represented as

0Qr 0Q
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where Q, = Q..(r,z) and Q. = Q.(r, z) are potential functions for the body forces ¢,
and ¢, respectively. Without loss of generality we can consider the stress component
o, as the partial derivative of a function B = B(r, z) with respect to r, that is

)

=5 (r,z)eTUOT . (2.2)

Oy

Upon substitution of (2.1) and (2.2) into the equilibrium equations (1.1), (1.2) we
obtain

0 0

E(rar —-B-Q,)+ a(rnz) = 0 (r,z)eT, (2.3a)
0 0
E(TTTZ) + %(TUZ — Qz) = 0 (T, Z) eT. (23b)

The stress function solution of equations (1.1), (1.2) is supplied by the following
theorem.

Theorem 2.1. Let the stresses be represented by

9?A

roy =t B+Q., (2.4a)
Oy = aa—f ) (2.4b)

ro, = 6;7;1 +@Q-, (2.4c)
TTry = _a({):;z ; (2.4d)

where A = A(r, z) and B = B(r, z) are arbitrary functions. This stress representation
identically satisfies the equilibrium equations (1.1), (1.2).

The proof of this theorem can be obtained by direct substitution. The next theo-
rem, which is motivated by stress representation (2.4a,b,c,d), states that if the body
forces are obtainable from (2.1) then every solution of the equilibrium equations (1.1),
(1.2) can be given by equations (2.4a,b,c,d).

Theorem 2.2. Let the stresses satisfy (1.1), (1.2). Then there exist functions
A = A(r,z) and B = B(r, z) such that the stresses can be represented by equations
(2.4a,b,c,d), and the stress functions A = A(r, z) and B = B(r, z) are single-valued.

Proof. According to the theory of total differentials (Courant [1], Rudin [4]), (2.3a)
implies the existence of a single-valued function in 7" = T U 0T such that

Ja Oa
E, TO'r—B—QT——&. (25)

TTrz =

Similarly, by quation (2.3b) there exists a function b = b(r, z) in T such that
ob b

TUZ_QZ:_a TTrz:_£~

or
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From the equality of the two different expressions for 7,., — these follow from (2.5);
and (2.6)2 — we obtain

da  0b
—+—=0. 2.7
or + 0z 27)
A repeated application of the theory of total differentials gives that there exists a
single-valued function A = A(r, z) such that

DA ,_ A

a =
A combination of equations (2.5), (2.6) and (2.8) leads to stress representation (2.4a,
b,c,d) which gives all the stress components. This last step completes the proof of
Theorem 2.2. The degree of arbitrariness of the stress functions for a given state of
stress is formulated in the following theorem.

Theorem 2.3. Let a given set of stresses which meet the equations (1.1), (1.2) be
represented by (2.4a,b,c,d) in terms of the stress functions A = A(r, z), B = B(r, z)
and in terms of different stress functions A’ = A'(r,2), B = B’(r,z). Then

A(r,z) = A(r,2)+a(z) + By + By, (2.9)
B(r,z) = B'(r,z)— ?17(; , (2.10)

where (8, 8, are arbitrary constants and o = «(z) is an arbitrary function of z.

Proof. Using stress representation (2.4a,b,c,d) one finds that

0?4 0?A

57 T B+ =57 +B+Qr, (2.11a)
%_f _ 8;’ , (2.11b)
‘(9;7;1 _ % , (2.11¢)
> ,
% _ % _ (2.11d)
Equation (2.11d) yields
A—A =a(z)+8(r) (2.12)

where o = a(z) and 8 = (r) are arbitrary functions, o depends only on z, and
depends only on r. Equation (2.11c) gives

B =0+ BT, (2.13)
where (,, 8, are the arbitrary constants. We obtain from equation (2.11b)

B=B+~v(z). (2.14)
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Inserting equations (2.12) and (2.14) into equation (2.11a) we arrive at

v(z) = R (2.15)

which completes the proof of Theorem 2.3.

It is important to emphasize that the theorems proven are independent of any
constitutive and compatibility equations which the stresses should also satisfy since
we have been dealing with equilibrium equations only.

3. Stress boundary condition

In order to formulate the stress boundary conditions we start from equations (1.6)
and (2.4a,b,c,d). By a simple substitution we obtain

+ = aQ_A + Bn, + Q — 62_A —
TOrNy T TTrzNy = 922 Ty Ty rTir 902 Ny =
d (0A az dz
=7 (E) + B% + QTE (r,z) € a7, , (3.1a)
TNy + 1 n——agAn —&—aQ—An +Q.n, =
TTZ T UZ z 8’,"82 T 8’,"2 z 2tz —
d (0A dR

Here we have used equation (1.5). Combination of equations (1.6) and (3.1a,b) leads
to the result

d (0A dz dz
E(@z) _Tpr_Bds _Qrds ’ (3.22)
d (0A dR
ds <6r) =P+ Qs ds (8.20)

After integrating these equations on 07}, we have

0A 0A dZ
(£>P — (£>PO :A/ rpds —A/ (B+ QT)Eds, (3.3a)

PoP PoP
0A 0A dR
<E>po - (E)p = / rp.ds + / QzEds . (3.3b)
PP PP

In formulae (3.3a,b) the integrals are taken over an arc Py P of 0T,. The lower limit
Py is fixed and the upper limit P is regarded as a parameter. According to Theorem
2.3 we can set the starting values for the partial derivatives of the stress function A

to
()~ (),
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4. Derivation of stress functions from the principle of virtual work

In this section we derive the solution of the homogeneous equilibrium equation in
terms of stress functions from the principle of virtual work. The line of thought is
based on that of Washizu [7]. The general solution of the homogeneous equilibrium
equations is given in terms of stress functions A and B. In the absence of body forces
one can write that

q-=q, =0, Q.- =Q,=0. (4.1)

The strain compatibility equations for torsion-free axisymmetric deformation are as
follows [6]:

D?e, 0%, 0%,

Co = 02 "o Oroz 0 (n2)eT, (4.22)
Cy = %(r%) - =0 (r,z) €T. (4.2b)

Here €,,¢,,¢€, are direct strains and +,., is the shear strain. The strain components
depend on the radial coordinate 7, and the longitudinal coordinate z. Washizu [7]
proposes to introduce the strain compatibility conditions instead of the displacement
components v and w into the principle of virtual work by the use of Lagrange mul-
tipliers. Since the problem is axisymmetric for the volume and the surface elements,
one can write

dV = 2nrdT dS = 2nrds .

The principle of virtual work has the form

/r(a,ﬁ& +o0,0e, 4+ 0.0e, + 7,p207,,)dT — / r(prdu + p,ow)ds =0 . (4.3)
T Ty

Here the infinitesimal virtual displacements du, dw and the infinitesimal virtual strains
d€p, €y, d€,, 07, should satisfy the strain-displacement relationships and the homo-
geneous geometrical boundary conditions imposed on the boundary segment 0T, .
Consequently

du=d6w=0 on 0T, . (4.4)
We remark that
oT,uoT, =0T and 0T,N0T, ={0}.

We apply equations (4.2a,b) as the field conditions of compatibility instead of the
strain-displacement relationship. We can now transform equation (4.3) into the form

/T(O’T(SET +0,0e, 4+ 0,06, + 7,207, )dT — /()\aéCa + A\pdCy)dT
T T
+ {boundary terms} =0 (4.5)
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where A\, and )\, are the Lagrange multipliers which depend on the coordinates r and
z. After some calculations including repeated partial integrations, equation (4.5) is
manipulated into its final form:

9\, Oy
/ |:<7'O'r — W — )\b) 657~ +r (U@ — W) (55@4’
T

+(ro, — & S, + | r7rps + & 5 dT + {boundary terms} =0. (4.6)
[ 87“2 Ex Trz 8r8z Vrz Yy - . .

Since the variations de;, de,, dc, and 6, are arbitrary, we have

o Ph Oy
Or = (75 s Op = —,
022 b v or (4.7)
P Y
92T g2 0 e T T hras

A comparison of equations (4.7) and (2.4a,b,c) — in the latter case Q, = Q, = 0 —
shows that

MN=A and A =B, (4.8)

thus the Lagrange multipliers A, and A, are stress functions.

5. Comparison of various formulations

It follows from the general axisymmetric solution of the homogeneous equilibrium
equations (due to symmetry 7,, = 7, = 0) given by Filonenko-Borodich that

02 f
rOr =y (5.1a)
o2 f
Op = 8222 s (51b)
_ o, oh
"2 T <f2 ~or ) ’ (5.1
_ 90 24
TTry = 82’ ( 2 — (9?”) . (51d)

Here, f1 = fi(r,z) and fo = fa(r,z) are stress functions. Formulas (5.1a,b,c,d)
can be obtained from formula (1.10) of paper [2] by putting f3 = 0. The next
theorem relates the stress functions fi; = fi(r, 2), fo = fa(r, 2) to the stress functions
A= A(r,z), B = B(r, z) assuming that the stress state is the same.
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Theorem 5.1. If the stress functions f; = fi(r,2), fo = f2(r,2) and A = A(r, 2),
B = B(r, z) produce the same stress state then the following equations hold

0b 0%b

= -, _— = B
or 022

In the absence of body forces and assuming an axisymmetric stress state, H. L. Lang-

haar and M. Stippes also gave a solution in terms of stress functions for the equilibrium
equations [3]:

fi=A+b, f2 (5.2)

_O*F  10H

Ry (53a)
0*°F 0°H
0—90 = W W 5 (53b)
O*F 10F
0, = 2 T i (5.3¢)
0*F
Tra = T (5.3d)

Theorem 5.2 gives the connection between the stress functions F = F(r,z), H =
H(r,z) and A= A(r,2), B = B(r, z).

Theorem 5.2. If the stress state is the same, then the following equations hold be-
tween the stress functions F' = F(r,z), H = H(r,z) and A = A(r,z), B = B(r, 2):

A(r,z) = rg—‘; - f, (5.4a)
0? O0H
B(r,z) = 6—2‘5 B (5.4b)
where
_of
F= o (5.5)

The proof of Theorem 5.1 and 5.2 can be obtained from the comparison of the various
stress function solutions (4.7), (4.8), (5.1a,b,c,d) and (5.3a,b,c,d).

It is obvious that the substitution of the expressions giving f; and f2 in terms of
A,b and B into the Filonenko-Borodich solution leads immediately to the solution of
the homogeneous equilibrium equation established in this paper.

A similar statement can be formulated for the Langhaar-Stippes solution. In the
absence of body forces the stress representation suggested in this paper leads to the
Langhaar-Stippes solution in terms of stress functions F' = F(r, z) and H = H(r, z)
if we use the stress functions A = A(r, z) and B = B(r, z) given by (5.4a,b), (5.5).

6. Conclusions

In this paper the general solution of equilibrium equation is presented for torsion-free
axisymmetric state of stress. It has been shown that the solution given is complete
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and its degree of arbitrariness is also analyzed. The stress boundary conditions in
terms of stress functions are also given. In the absence of body forces the stress
representation we have found — solution to the homogenous equilibrium equations in
terms of stress functions — can also be derived from the principle of virtual work.
The presented stress function solution is then compared with other stress function
solutions. The solution of equilibrium equations for axisymmetric torsion-free state
of stress is very similar to the Airy solution of equilibrium equations for plane problems
[5]. The results presented in the paper are all independent of any constitutive and
compatibility equations which the stresses should satisfy in order to be the solution
of a given boundary-value problem. If the body is elastic, then the field equations the
stress functions should meet are the Beltrami-Mitchell equations under the prescribed
boundary conditions. The stress functions solution of equilibrium equations gives a
possibility to use the variational method elaborated by A. Castigliano. Another field
of applications is the formulation of stress-based finite element models.
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