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Abstract. A generalization of the well-known Nanson’s formula for solids has been set up
for shells. These formulae relate a surface element vector taken either on the base surface
or on the side surface in the reference configuration to any surface element vector in the
instantaneous configuration. The characteristic quantities can be given by their truncated
Taylor expansions with respect to the control parameter. In this way, the work increment
done by a deformation dependent traction can always be calculated through integrals taken
in the reference configuration, i.e., for shells on the base surface or on the side surface.
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1. Introduction

In order to solve a statical problem, calculation of the work increment done by
the loads either during an increment in the kinematically admissible displacement or
during an increment in the effective displacement is frequently required. This situation
arises, for example, in the application of the incremental form of the principle of virtual
work (see, e.g., Molk et al [1], Kozdk and Szab¢ [2]). This is also the case in the course
of the solution of stability problems when the work increment done by the loads of an
equilibrium configuration during a small perturbation in displacements is calculated.

In this paper the applied normal tractions are deformation dependent and are
always perpendicular to the instantaneous surface of the body. The aim of this paper
is to calculate the work increment done by the loads of any equilibrium configuration
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through an arbitrary displacement increment, both for an arbitrary body and for
shells. Large strains are assumed.

In Section 2 three coordinate systems are introduced: namely, the first is defined
in the instantaneous configuration, the second is given in the reference configuration
of an arbitrary body and the third is associated with the base surface of the shell
also in the reference configuration. The geometrical characteristics of the coordinate
systems are also presented together with the applied notations.

In Section 3 relationships are established for the surface element vectors concerning
both arbitrary solids and shells in an instantaneous configuration and in a reference
one. For shells we distinguish a surface element on the base surface from a surface
element on the side surface.

Section 4 gives the forces exerted on surface elements at the points of an instanta-
neous configuration by means of surface elements at the points of the base surface of
a shell.

Section 5 details the formulation of the work increment done by the deformation
dependent tractions during an arbitrary increment in the displacements. The charac-
teristic quantities are expanded in truncated Taylor series written in an equilibrium
configuration with respect to a control parameter. Then the power of the loads is cal-
culated for each intermediate state of a displacement increment, and finally the work
increment is given by integrating the power with respect to the control parameter. As
a matter of fact the work increment is given by surface integrals, which are calculated
by making use of those quantities defined in the reference configuration. In case of
shells the integrals are taken on the base surface or on the side surface.

Invariant and indicial notations are used throughout this paper.

In invariant notation vectors and tensors are denoted by bold lower case letters
and upper case letters, respectively. A dot denotes the scalar product, e.g. Q-dA.

In case of indicial notations the coordinate systems we use are assumed to be curvi-
linear ones. Latin and Greek indices range over the integers 1,2,3 and 1,2. A subscript
preceded by a (comma)[semicolon] denotes (partial)[covariant] differentiation with re-
spect to the corresponding coordinate. (5,l€ is the Kronecker delta while eg;,, and eP?"
stand for the permutation symbols.

2. Configurations

2.1. Let us denote the stress and deformation-free reference configuration and the

present or instantaneous configuration by (B) and (B), respectively. Configuration
(B) is an equilibrium one for the actual load level.

In order to extend our investigations for shells, we introduce a base surface (A°)
bounded by a closed curve (g°) in the reference configuration (B).

Body forces are neglected, only distributed normal tractions exerted on instanta-
neous outer surfaces are considered (deformation dependent loads or follower loads).
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It is assumed that the kinematical boundary conditions are independent of defor-
mations.

Let us denote the various coordinate systems, a point, the position vector, the local
base vectors and the metric tensors in the three different configurations as follows:

— in the current configuration (B):
{7}, P, T, &) B Gy 77
— at the arbitrary point P of the reference configuration (B):
{xk}7 P7 r, 8k, gl7 9kl, gmn
— on the base surface (A°) of the shell in the reference configuration (B):
ocd

)

{xoa} 9 P07 rov glop g0b7 g;bv g
REMARK 2.1. The curvilinear coordinate systems introduced are arbitrary except

the one defined for shells in the reference configuration (B).

2.2. For shells in the reference configuration (B) (see Figure 1) we have at the
point P° of the base surface (A°) for which 23 = 0 that:

o o o
° or 03 __ g1 X 89

8o = Foa g; = (2.1)

gt x g8l
If we regard an arbitrary point P (m3 =+ O) then
r=r°+gia’, (2.2)
ga = g2 — b’ghe’ = (00 —0272%) g = ul g5, &3 =3 (2:3)
where 028 = — 854" g is the tensor of curvature on the surface (A°) and
pl =08 —vPat, pf =0, 4 =1 (24)

where u%” are the coordinates of a shifter. The inverse shifter is denoted by u.

REMARK 2.2. The coordinates z% and z°“ of the points P and P° are identical
for shells z® = 2°“, however the corresponding coordinates 23 are different.

2.3. The permutation tensors taken at the point

_ B — e 1 3 3
P are denoted by  Zpqr = \/Eepqr, gret = ﬁer“, (g = det gpq) , (2.5)

1
P are denoted by  €kim = +/9€kim, ghmn — %elm”, (g = det grr), (2.6)

P° are denoted by £%,. = V¢%€ape, €70 = Jlg_oeb“l. (9° =detgy,). (2.7)

2.4. In accordance with the notations introduced the following conventions are
applied. In case of invariant notations a barred letter, a single letter, or a letter with
a small circle as a superscript identifies the point from the triplet P, P or P°, at
which the quantity denoted by the letter is defined. In addition to this, when indicial
notations are used the same tensor or vector can be written in the local coordinate
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Figurre 1. Base vectors and urface element vectors of shells

system of different points, e.g., the surface element vector defined at point P can be
written as:
dA = dAyg? = dA,g" = dA,.g°" (2.8)

The displacement vector of an arbitrary point can be defined at point P and also
at point P, and it can be given by the base vectors of point P° as well:

u="1pg’ = upg® = u =uq.g°. (2.9)

For our later considerations we shall distinguish the arbitrary coordinate system in

the reference configuration (B) from the one defined for shells in the same configura-
tion.

3. Surface element vectors

3.1. A geometrical representation. For shells Figure 1 shows the three surface
element vectors defined at points P, P and P°:

P:dA =dA;g =dry x dry,  dAp = B, dTydT], (3.1)
P:dA =dA,g" = dr; x dry,  dAg = epppdatdaly, (3.2)

P°:dA° = dASg®® = drf x dr, dAS. = &8, dapldagf
where dry, dry, drf, ... are line elements at points P, P and P°, respectively.

REMARK 3.1. The surface element vector dA° can be oriented arbitrarily in
comparison with the base surface (A°).

Let us set ourselves a task to derive three relationships for an arbitrary body and
arbitrary shells between the following pairs of surface element vectors

dA and dA, dA and dA°, dA and dA°.

3.2. An arbitrary coordinate system in configuration (B). The mapping

between the configurations (B) and (B) is given either by the function of motion or
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by the displacement field

. ozP
7P = 7P (2t 2%, 23;t), J =det a—zk #0, (3.4)
T=r+u, u=u(z' 2% 2%1). (3.5)

For the line element dT¥ we can write the following relationships:

- or . O(r+u) ozt _ L .
dr =g, dz? = @qu = Tﬁdxq = (6 +u' g )dz g, (3.6)
where 5
s __ x® —
dz® = 7 dz¢

which follows from the inverse function of motion z* = z*(z',7%,7°;1) .

Using equation (3.6) for the line elements dry and dryy, the surface element vector
given by equation (3.1) can be written as:

dA = dry x dFyy = gFepm (6 + u',) (67" + ™)z daf;. (3.7)
Making use of the identity
i (0L 4+ o YT+ ") = Zeume G+l JET 0" e (3)
the surface element vector can be expressed as
& =" Q/dAn, Q) = Zene (3] +ul )67 + ) (3.9)
where dAy, is the surface element at point P given by (3.2).

The surface element vector dA at the point P given by (3.9) can be related to the
surface element vector dA:

dA = dA;g? = dAg” = Q- dA, Q = Qg gy, (3.10)
d4, = QlrdA,,. (3.11)

REMARK 3.2. Relationships (3.9)-(3.11) are always satisfied.

REMARK 3.3. Relationships (3.9) and (3.10) can be manipulated into a different
form by the use of the Nanson formula (see, e.g., Béda et al [3], Mason [4]):

dA = J\/g (F1)" - da,
where F~! is the inverse of the deformation gradient and T denotes the transpose.

3.3. A coordinate system for shells in configuration (B). For shells one can
shift the surface element vector dA to point P° by the aid of an inverse shifter p%,

dAge = pk.dA. (3.12)

In accordance with Remark 2.2. we shall assume at points P° and P that

dz®® = da. (3.13)
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and using (3.12), (3.2), we have
dAge = ploepmdatdalt = 2, b u datdalr. (3.14)

Introducing the notations

Cavetd 1l p1le = Degm, D = det | (3.15)
and utilizing equation (3.14) we can write:
dA, = pd" dAge = €%yl b’ s dzldafy = DAAS., (3.16)
where with regard to (3.3) and (3.13)
dAS. = e, datdaly. (3.17)

As a consequence the surface element vector dA at point P can be given with the
aid of dA° at point P°. With a view to (3.8) and (3.16), it follows from (3.14) that:

dA = dAgh = dA,.g°" = W°.dA°, W° =W g%gs, (3.18)
o h° o o h° 1 i, b°  c®

dAge = W dAS., Wl = §eabcehm§ us (3.19)

dAj, = DAAS.. (3.20)

REMARK 3.4. Relationships (3.18)-(3.20) are valid independently of the orienta-
tion of dA°.

Derivation of the third relationship we planned to set up at the beginning of Section
3 can be carried out as follows. Writing equation (3.7) as

dA = g*eqyof (6, + ' g, (87" + u™y)dafday
and introducing the notations
u=ulg =u’g), pul, = ub;s (3.21)

)

v b° v n° b _ L b°
Wy =U 4+ Doopot™ , wlg=u’;y (3.22)

we obtain, with a view to (3.8), the following relation:

o 1 (s}

dK = dZaO goa = goaQZ"ho dAIO'LO’ QO ! = §eabc€hij (/J’é)o + ub;z)(/“(’go + ub,c;) (323)

where dAj, can be calculated from (3.17).

Finally we have a formula which relates dA taken at point P to dA° taken at point
Pe:

dA = dAzg? = dAg" = dA.g® = Q°-dA°, Q° =Q°l g*g?, (3.24)
dAg. = Q21 dAs.. (3.25)

Then combining (3.11) and (3.20) we obtain:
dAy = Q!dA, = DQAAS.. (3.26)
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For shells we distinguish two special cases for the location of the surface element
dA°. In the first case the surface element dA° is on the base surface (A°) and in
accordance with equation (3.3) we get

dA° = dA%. g% = &5, do{drfg® (3.27)
and
R J— oa J— o 3° ° 1 o o ° © °
dA = dAaOg ) dAaO = ang dAz. = §€ab063m9 (/“(’2 + ub;n)(/"(’ﬂ +u ;ﬂ)dA?)O'
(3.28)

In the second case the surface elements dA, dA and dA° are situated on the side
surface (Z*), or (A*). Let us denote the surface elements by dA”", dA* and dA°*

and the corresponding points by F*, P* and P°*, respectively. (A*) is determined by
the normal vector of the base surface (A°) on the boundary curve (¢°). Assume that
z? = 27 (5°) is the equation of the boundary curve (¢°) on the base surface (A°).
Then we can write the unit tangent and the unit normal to the surface (A*) as

dr°  Or° da? od o

_ o __ 40 o__ _o oY _on __ ,0_0
o s =785 0 =t0x g5 = eyt ’e = nig”.  (3.29)

o

The surface element at point P° of the curve (¢°) on the side surface (A*) is given
by

dA°* = (t°ds®) x (g5da?) = n°ds°dz® = dA5ig™” (3.30)
dAys =g ds®da® = 62ﬂ3t°ﬂds°dx3. (3.31)

Similarly, at an arbitrary point P" of the side surface (Z*> the surface element
can be obtained from (3.25) and (3.26) and can be written as

A, = Q" dAss,  dA; = D*Q)TdAS. (3.32)

4. Deformation dependent tractions

4.1. An arbitrary coordinate system in configuration (B). We define the
traction on the surface part (At) of an arbitrary present configuration (B) as

P=ppo, w€(4), (4.1)

where p is the load parameter and p, is a reference traction regarded as positive if
the traction points out of the surface.

The surface part (A4;) corresponds to (A4;) in configuration (B).

In accordance with (3.10) the force acting on the corresponding surface element is
given by the formulae:

dF = pdA =pQ - dA, (4.2)
dF7 = pdA4z, dFy =pdA4; =pQFdA, . (4.3)



44 1. Kozdak and T. Szabo

REMARK 4.1. Tractions can be exerted on two or more surface parts simultane-
ously.

4.2. A coordinate system for shells in configuration (B). The shell in
configuration (B) is bounded by a top surface (AT) and a bottom surface (A~),
which are given by the equations bt = b (z',2%), b= = b~ (z',2?), and a side
surface (A*). The values of b and b~ are measured along the normal vector g3 of
the base surface (A°): b > 2% > b~. The thickness of the shell is b = b+ — b~

In the present configuration (F) the surfaces <X+), (Z_) and (Z*) correspond
to the top surface (A1), bottom surface (A™) and side surface (A*).

We define the tractions on the surface parts (Z:_ ) and (Z: ) of an arbitrary present
configuration (E) of the shell by

Pt we (A7), (4.4)
=, we (4), (45)

where p™ and p* are load parameters, and pJ and p;: are reference tractions regarded
as positive, if the traction is directed out of the surface.

REMARK 4.2. Loads can be exerted on the bottom surface (A7) as well.

In accordance with equations (3.10), (3.11) and (3.22), (3.23), the forces acting on
the corresponding surface elements are given by the formulae:

dF =jptdA" =5t Q" -dA* =+ Q°F - dA°T, (4.6)

dFy = ptdAr, dF, =ptdA, =5 Qf PdA;, dF.. = prdAL. = 5o M dag,
(4.7)

dF = p*dA" =p* Q" - dA”, (4.8)

dF; = p*dA;, dF, = p*d4, = 5°Q} "dA;,. (4.9)

5. Calculation of the work increment

5.1. We apply the Lagrangian formulation in the reference configuration (B).

Let us introduce a control parameter T and its increment A7 to describe a small
change of an equilibrium configuration (B) in the interval 0 < 7 < Ar. The con-
trol parameter can be either a load parameter (e.g. p, p™, p*) or a displacement

parameter.

We assume on the initiation made by Marcinowsky [5] that the variables in a small
neighborhood of the equilibrium configuration (B) can be given by truncated Taylor
expansions with respect to the control parameter (asymptotic numerical method).
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The control parameter is regarded as quasi-time. In our problem

X X 1 1..
Wb (1) = ufy + Ay = ufy +afT 4 i+ SR (5.1)
. 1. 1...
p(7) =ps + App = p + PBT + §pBTQ+EPBT3+-~~, (5.2)
. 1. 1w
QF (1) = Qpy* + AQp)" = Qp)" + Qp)'T + §QBkh72 + EQBk ™+, (53)

where a dot (or dots) above a variable denotes differentiation with respect to a control
parameter, A7 belongs to the displacement increment Au’é, which determines the
configuration (F—I— AF). The subscript B means that the quantity in question is
defined in the equilibrium configuration (E)

In accordance with equation (3.9) we can write

Qui” = Germe™ (8, + ug )67 +ug™), (5.4)
Qpi’ = exime”™ (8 +ug' )i, (5.5)

Qpy” = erime™" [(6g + ug'y)iip " + ip'yig "] (5.6)
Qpr’ = exime’?” (65 +up'y)ip™, + i yip™,] . (5.7)

5.2. An arbitrary coordinate system in configuration (B). Using formulae
(4.2), (4.3) and (5.1), (5.3) for the power of the traction (4.1) in the equilibrium

configuration (B) and in the interval 0 < 7 < A7 we can writte

P@ = [ ) dE=P) =y [ () dE=

— 8 /( L RCICRESTS / Bail® () QP (r)dA, =

(Ar)

- (. .. 1... . 1 .
:pB/ Po <u§+u’§T+§u]’§T2+~-~> (Qka+QkaT+§QkaT2+'“> d4,.
(A¢)
(5.8)

The work increment of the traction in interval 0 < 7 < A7 can be determined by
integrating the power P (1) with respect to 7:

AT
AW = / P(r)dr =
7=0

o / ik QuPdA, | Art
(At)
= (rk) Py sk p 1 2
s | [ B (ihQu + i5Qp ) d4y| 5 (AT +
(At)
SO kS 1
+pB /(A )po (UgQka + 2UIEC;Qka + u]]%Qka) dAp 5 (AT)S e (5.9)
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If one applies a finite element discretization AW can be given — in a view of (5.4)-
(5.7) and (5.9) — in terms of tp and its derivatives tp, tg, t B, -+ taken with respect
to the displacement parameter t.

5.3. A coordinate system for shells in configuration (B). Geometrically
nonlinear shell theories differ from each other mainly in the applied kinematic as-
sumptions (see, e.g., Basar and Ding [6], Parisch [7], Sansour and Kollmann [8]). In
this paper the analysis of the geometrically nonlinear shells is out of scope, therefore
we adopt a displacement field without reasoning. Let the displacement be given at
an arbitrary point P of the configuration (B) as

u=ufg, =ugy,
u=v°+wz? +q° (333)2 4 g° (333)3,

u? = v° 4w 2 4 g° (x3)2 + 5% (x?’)3 (5.10)

where the functions v°, w°®, q° and s° are defined on the base surface (A°). With a
view to (5.1) and (5.3) we can write

o o o o o 1 9 1 o
u® (1) =ug + Aug = ug +u%7+§uaBT2+gu“BT3+~-~, (5.11)
o o o o . ° 1 . ° 1...0 o
Qu (1) = Qha + AQR" = QR + Qi T+ 50R T 4 S U T
(5.12)

and in accordance with (3.23) it follows

Q%aoho = %eabcehij(MBz‘bo —+ uBbc;)i)(MBjco + UBCC;)j)v (5.13)
Qb = eavce” (gl +up®, )i ijv (5.14)
Qb = canee™™ (el + up"%)in ", + s | (5.15)
Q%aoho = eqpee™ |:(N'Bibo + up bii)ﬂBcc;)j + 3iig biiaB cc;)]} ) (5.16)
where, e.g.,
ufy = 05+ 2+ g (28) + s (27)°. (5.17)

5.3.1. The loaded surfaces (Zj ), (Af) and (A§") belong together. Making
use of equations (4.7) and (5.11), (5.12) for the power of the traction (4.4) acting

on the surface part (Zj ) in the equilibrium configuration (F) and in the interval
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0 <7 < AT we can write

T) = pi; prat (1) -dA = pj; Fate’ (1) QM (1) dAS. =
P(r) pB/(ﬁ)po () d& pB/(Ampo (1 Qs (7)dA

t

: ( Bae QT ggoh = ) Ay, (5.18)
where in accordance with (5.17), e.g.,
At = o5 g bt 4¢3 (07)7 + sy (b1)°, (5.19)
and with a view to (5.14), (2.4) and (5.10), (5.17) we have e.g.,
Yok e = eabcehij{[5b bVt 4 2l G w Zb+ Jrqob (b+)2 +S]%b‘:i (b*)?’} .

s+ gt +ais, (09) + s 00 (5.20)

The work increment of the traction in the interval 0 < 7 < A7 can be obtained by
integrating the power P (1) with respect to 7:

AW = /AT P (1)dr. (5.21)
=0

This formula can also be detailed if we take equations (5.10) and (5.13)-(5.16) into
account.

5.3.2. In the special case when the side surface (Z*> is subjected to tractions we
can also set up the required relationships. Using formula (3.25) for the power of the
traction (4.5) exerted on the surface part (Z: ) in the equilibrium configuration (F)
and in the interval 0 < 7 < AT we obtain

P(r) = ph / it (r) - dAT =pj, / it (1) Qe (7) dAS.
(A1) (A7)

In view of (3.31), the surface integral can be decomposed into two line integrals.
Integration is performed in two steps, first along the thickness and then on the part
(g7) of the boundary curve (g°) — this part belongs to (Af):

P(7) ZPE/( : l/()mum" (1) Q2" (7) dx‘n’] £y gt ds®. (5.22)
97 b
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The work increment AW is obtained by integrating the power P (1) with respect
to 7 in the interval 0 < 7 < AT

AT
AW = / P(r)dr =
7=0

AT
= p%/( ) {/(b)ﬁ’; [/ . e’ (1) Q;’;’*’ (1) dT] dx?’} 6;193t019d30. (5.23)
9¢ T=

In order to detail the integration across the thickness in (5.22) we should use
equations (5.11), (5.12), (5.13)-(5.16) and (5.10).

REMARK 5.1. It is worth emphasizing that calculation of the work increment done
by the tractions in an equilibrium configuration (B ) during a kinematically admissible
displacement Auk is determined by the derivatives @5, iy, 4%,... in (5.1). Numerical

computations can be performed e.g., by the finite element method.

REMARK 5.2. When the computation of AW is to be performed on an equilibrium
path by means of the incremental form of the principle of virtual work, we have to
determine %, i, UE,... in advance as functions of pg, g, Pp,... which define
Apg. The computations can also be carried out by the finite element method.

6. Conclusions

The well-known Nanson formula gives a relationship between the surface elements dA
and dA taken at the points P and P of the reference configuration (B) and present
configuration (B)7 respectively.

Making use of the Nanson formula a relationship has been found for shells between
the surface elements dA° and dA. The surface element dA° with an arbitrary orienta-
tion is associated with the point P° of the base surface (A°) of a shell in configuration
(B) while the surface element dA is associated with the point P of configuration (F) .
As a special case we have investigated what happens when dA° is loacated either on
the base surface (A°) or on the side surface (A*).

The geometric variables in a small neighborhood of the equilibrium configuration
(E) can be given by truncated Taylor expansions with respect to a control parameter.
The control parameter is regarded as quasi-time. In this way the displacement field
and the surface element vectors can be regarded as functions of a control parameter
(control parameters) in a small neighborhood of the configuration (E) We have
preferred the total Lagrangian formulation in which the variables are defined at the
points of the reference configuration (B).

Using the relationship set up for the surface element vectors calculation of the
work increment AW done by the deformation dependent normal traction p during a
displacement increment AW requires calculation of integrals taken on the surface of
configuration (B). The traction p is exerted on the surface part (Zt) of configuration
(E), and the displacement increment Au is measured in a small neighborhood of

configuration (B)
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In special cases, i.e., for shells the surface integrals are calculated either on the base
surface (A°) or on the side surface (A*) depending on which surface part is loaded.
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