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Abstract. Relying on his theoretical and experimental examinations, O. Reynolds arrived
at the conclusion that the Navier-Stokes equation of motion describing laminar flow contin-
ues to remain valid in terms of velocity fields interpreted by instantaneous values when the
fluid is in turbulent motion. Th. von Kármán also used experimental experience to con-
struct his similarity hypothesis [1], according to which, on the one hand, outside the viscous
layer close to the wall, the turbulent velocity distribution does not depend on the viscosity
of the medium, and on the other, the local (turbulent) flow patterns show mechanical sim-
ilarities in points of the fully developed turbulent flow field; in other words each of them
can be transferred into a common (turbulent) flow pattern by means of a suitably chosen
transformation.

The turbulence model used in this paper also relies on the same hypothesis. The model’s
fundamental principle can be summed up in the following words: in any point of the flow
field the Helmholz-Thomson vortex theorem valid in the relative coordinate system - that is
a coordinate system moving steadily at a velocity equal to the average Reynolds velocity in
the given point - is suitable for describing the turbulent velocity fluctuation, thus it can be
considered to be the equation of motion of turbulence, which then can be transformed, on the
basis of von Kármán’s similarity hypothesis, into the coordinate system of the common flow
pattern mentioned. And a particular solution to the partial differential equation obtained
can be used to represent the stochastic flow of the turbulence while the optional coefficients
and phase constants appearing in it as integration constants are considered to be probability
variables. By using the scalar components of the turbulent velocity fluctuation obtained in
this way – in this special relative coordinate system – it is possible to produce the scalar
elements of Reynolds’ turbulent stress tensor, which can be re-transformed into the physical
space on the basis of mechanical similarity. Thus, by using the stochastic turbulence model
it becomes possible to produce Reynolds’ turbulent stress tensor in a specific way, which in
the transport equations of turbulent motion leads to formal changes that can be used in the
numerical solutions with advantage.
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1. Governing equations of turbulent motion

The turbulent motion of a fluid continuum in the Eulerian approach can be described
by the superposition of two velocity fields depending on place and time: one is velocity
fluctuation changing rapidly and in a stochastic way in time, and the other velocity
field determines the motion of the fluid continuum without fluctuations but showing
changes in time. The latter can naturally be a motion constant with time, when
we have to do with the steady flow of the continuum; by contrast the velocity field
describing turbulent fluctuation is invariably a function of time. Each characteristic
of the instantaneous state of motion (scalar, vector or tensor) can be considered to be
composed of two components: instantaneous value = mean value + fluctuation. The
mean value – i.e. the Reynolds time average – is an integral mean value of a given
motion characteristic referring to a time interval t0 that is relatively big compared to
the period of turbulent fluctuation:

f(x, t) =
1

t0

t+t0∫
t

fT (x, τ)dτ , (1.1)

where x is the vector of place, t is time; the function f(x, t) may interpret a scalar,
vector or tensor field; and the subscript T here refers to ‘instantaneous value’. The
Reynolds time-mean of the fluctuation is naturally zero. Accordingly, the instanta-
neous velocity field of the fluid continuum performing the turbulent motion can be
written in the form

vT (x, t) = v(x, t) + v′(x, t) , (1.2)
where v(x, t) is the Reynolds mean velocity field and v′(x, t) is the velocity field of
turbulent fluctuation. The curl of the velocity leads to the instantaneous vortex field,
which is also the sum of two components, the Reynolds mean vortex field and the
turbulent fluctuation field:

ΩT (x, t) = ∇× vT = Ω(x, t) +Ω′(x, t) . (1.3)

The surface forces (caused by molecular viscosity) arising between the fluid particles
are also subject to stochastic fluctuation in the instantaneous velocity field of the
turbulent flow; i.e. the instantaneous value of the tensor field expressing the stresses
arising on the surface of the fluid components can be given similarly in the form

F T (x, t) = F (x, t) + F ′(x, t) , (1.4)

where tensor F (x, t) expresses the Reynolds’ time-mean value, and tensor F ′(x, t)
expresses the fluctuation caused by the turbulence; the time-mean value of the latter
being also zero. With respect to the fact that pressure in a viscous fluid in motion
is equal to the negative of the first scalar invariant of the stress tensor, the following
relationship:

pT = −1

3
(F11 + F22 + F33)−

1

3
(F ′

11 + F ′
22 + F ′

33) = p+ p′ ,

where p′ is turbulent pressure fluctuation, and p is thermodynamic pressure (the
pressure in the thermodynamic equation of state of the medium in flow), holds for
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the instantaneous value of pressure in a turbulent flow as follows from equation (1.4).
Accordingly, the Reynolds time-mean of instantaneous turbulent pressure is equal to
thermodynamic pressure. In our investigation we tend to suppose that the Stokes
molecular viscosity law also holds for the instantaneous turbulent motion of a viscous
fluid:

F T = −pT I + η

[
(vT ◦ ∇+∇ ◦ vT )−

2

3
(∇ · vT ) I

]
, (1.5)

where η is the dynamic viscosity factor (considered constant), and I is unit ten-
sor. Assuming that, on the one hand, the law of the conservation of mass continues
to hold for the turbulent motion of the fluid continua, and that, on the other, the
Navier-Stokes equation of motion gives an appropriate description of the instanta-
neous motion as well, in the velocity field of turbulent flow interpreted by means of
instantaneous values, the equation of continuity expressing the conservation of mass
can be written in the form

∂ρT
∂t

+∇ · ρTvT = 0 (1.6)

and the Navier-Stokes equation of motion can be given in the form

ρT
∂vT

∂t
+ ρT (vT · ∇)vT = ρTg + Div F T , (1.7)

where g is the specific value of the field force referring to a mass unit. If the medium
in flow is incompressible (ρT = ρ = const), the equation of continuity takes the form
∇ · vT = 0, from which it follows that for an incompressible medium the turbulent
fluctuation is ∇ · v′ = 0 also for the velocity field of v′(r, t). Now, substituting the
expression vT = v + v′ into the above equations and taking the time-mean value of
each member, in the v(r, t) Reynolds mean velocity field the equation of continuity
and the equation of motion take the following forms:

∇ · v = 0 (1.8)

ρ
∂v

∂t
+ ρ (v · ∇)v = ρg −∇p+ η∆v + Div FR , (1.9)

respectively, where FR is the Reynolds turbulent stress tensor:

FR = −ρ(v′ ◦ v′) . (1.10)

This tensor expresses a surface force in the Reynolds equation of motion (1.9) in the
same way as the viscous stress tensor does, which, however, originates not from the
molecular viscosity of the fluid, but from the change of momentum due to turbulent
velocity fluctuation.

It should be noted that for the laminar flow of an incompressible medium developing
in a potential field of force (g = −∇U ; U being the potential of the field of force) the
equation of motion (1.9) will take the form

ρ
∂v

∂t
+ ρ (v · ∇)v = −ρ∇U −∇p+ η∆v (1.11)

of the Navier-Stokes equation of motion, which, when supplemented with the equation
of continuity ∇·v = 0, gives a system of equations (consisting of a total of four scalar
differential equations) for the purpose of determining the four unknown functions
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(the three components of velocity and the pressure). In the laminar case the three
scalar equations of motion and the equation of continuity thus form a closed system
of equations for determining the four unknown functions. In the case of turbulent
flow, however, the equation of motion (1.9) – since the turbulent stress tensor FR

introduces new unknowns into it – does not form a closed system with the equation
of continuity (1.8) any more.

In order to develop the equation of equilibrium of internal energy, our starting
point is the theorem of the conservation of energy referring to transport processes,
which is written for an incompressible medium in the velocity field of turbulent flow
interpreted by instantaneous values for the case without dissipation heat transfer:

ρcP

(
∂TT

∂t
+ (vT · ∇)TT

)
= ∇ · (λ∇TT ) + (σT · ∇) · vT , (1.12)

where cP is the specific heat of the medium in flow under constant pressure, λ is its
thermal conduction coefficient, and σT is the deviator of the turbulent stress tensor
F T interpreted by instantaneous values, for which the Stokes formula of the form

σT=η (vT ◦ ∇+∇ ◦ vT )

holds. Substituting relationship (1.2) into the above equation of the conservation of
energy, and then taking the time-mean value of each member, a short calculation
gives the scalar equation of the form

ρcP

(
∂T

∂t
+ (v · ∇)T

)
= ∇ · (λ∇T )− ρcP∇ · (v′T ′) + ρ(φ+ ϵ) , (1.13)

where the first member on the right-hand side is an expression of molecular heat
transport and the second one is that of turbulent heat transport; the third and the
fourth member gives direct (viscous) dissipation and turbulent dissipation, resp.:

φ = ν (v ◦ ∇): (v ◦ ∇+∇ ◦ v) ; ϵ = ν(v′ ◦ ∇) : (v′ ◦ ∇+∇ ◦ v′) , (1.14)

where ν is the kinematic viscosity factor (ν = η/ρ).
By way of summary of the above it can be stated that from the point of the

solubility of a problem of non-isothermal turbulent flow three equations – the equation
of continuity (1.8), the Reynolds equation of motion (1.9) and the energy equation
(1.13) – are already available to determine the unknown velocity distribution v(x, t),
the pressure distribution p(x, t) and the temperature distribution T (x, t), but further
unknown functions also appear in the equations: a) in equation (1.9) the turbulent
stress tensor FR, b) in equation (1.13) the turbulent dissipation ϵ as well as the
velocity-temperature correlation v′T ′. Thus the number of unknowns is higher than
the number of scalar differential equations at our disposal for solving them; i.e. the
system of differential equations to be solved is underdetermined. It follows that in
order to solve a given problem of turbulent flow, it is necessary to supplement the
system of equations constituted by the equation of continuity, the Reynolds equation
of motion and the equation of equilibrium of internal energy with further equations.

In order to develop the equation of equilibrium of the specific turbulent kinetic
energy defined by equation k = v′ · v′/2, the Navier-Stokes equation (1.7) of the fluid
continuum moving in the velocity field vT (x, t) interpreted by instantaneous values
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is first multiplied scalarly by the velocity vector v′ of turbulent fluctuation, then its
time-mean value is taken, and then after ordering the following expression

dk

dt
+

(
v′ ◦ v′

)
: (∇ ◦ v) + v′ · ∇v′ · v′

2
+

1

ρ
v′ · ∇p′ − νv′ ·∆v′ = 0 (1.15)

is obtained. Let us now take into account that for an incompressible fluid the following
two equalities

∇

[
v′

(
v′ · v′

2
+

p′

ρ

)]
= v′ · ∇v′ · v′

2
+

1

ρ
v′ · ∇p′ (1.16)

∆
v′ · v′

2
= v′ ·∆v′ + (v′ ◦ ∇) : (v′ ◦ ∇+∇ ◦ v′)− (v′ ◦ ∇) : (∇ ◦ v′)

hold. After ordering and taking the time-mean value, the latter gives the following
equation

v′ ·∆ v′ = ∆
v′ · v′

2
− (v′ ◦ ∇) : (v′ ◦ ∇+∇ ◦ v′) + (v′ ◦ ∇) : (∇ ◦ v′) ,

which, multiplied by the kinematic viscosity factor ν and taking into account the
definition equation (1.14) of the turbulent dissipation ϵ, results in the following:

νv′ ·∆ v′ = ν∆k − ϵ+ ν(v′ ◦ ∇) : (∇ ◦ v′) .

Let us now determine first the divergence of tensor v′ ◦ v′:

Div (v′ ◦ v′) = (v′ ◦ v′) · ∇ = (v′ · ∇)v′

and then also the divergence of the vector obtained, and take the time-mean value of
the latter:

∇ ·
[
Div

(
v′ ◦ v′

)]
= (v′ ◦ ∇) : (∇ ◦ v′) .

Using the former relations gives the following:

νv′ ·∆ v′ = ν∇ ·
[
∇k + Div

(
v′ ◦ v′

)]
− ϵ (1.17)

for the fifth term of equation (1.15). Substituting the relations (1.16) and (1.17) into
equation (1.15) gives the equation of equilibrium of turbulent kinetic energy in the
form

dk

dt
+

(
v′ ◦ v′

)
: (∇ ◦ v) + ϵ+∇ ·

[
v′

(
v′ · v′

2
+

p′

ρ

)
− ν∇k − ν Div

(
v′ ◦ v′

)]
= 0 ,

(1.18)
which can be used as the supplementary equation of the system of equations con-
stituted by the equation of continuity (1.8), the equation of motion (1.9) and the
equation of equilibrium of internal energy (1.13).
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2. Vortex theorems in turbulent flow

The German H. Ertel and the Russian A. A. Friedmann [2] showed independently of
each other that if in a fluid continuum moving in a given velocity field v(x, t) there
is also a second arbitrary vector field a(x, t) given, then the necessary and sufficient
condition that the vector lines determined by the equation a × dx = 0 should be
constituted during the complete time of the motion by the same fluid particles and
that the intensity a · dA = a dAn of the elementary vector tubes constituted by the
vector lines should remain unchanged is that the vector function a(x, t) should satisfy
the requirement of the following equation:

∂a

∂t
+ (v · ∇)a− (a · ∇)v + a (∇ · v) = 0 . (2.1)

After ordering and taking the rotations of all the members of the equation of motion
(1.7) of the motion of the fluid developing in the turbulent velocity field vT (x, t)
interpreted by instantaneous values, in case of a potential force field gives the equation
of the form

∂ΩT

∂t
+ (vT · ∇)ΩT − (ΩT · ∇)vT +ΩT (∇ · vT ) = ν∆ΩT , (2.2)

which is nothing else but the Helmholz-Thomson vortex theorem referring to the
turbulent vortex field ΩT (x, t) interpreted by instantaneous values. In line with
the Ertel-Friedmann theorem of vector-line conservation (2.1), thus in case of the
turbulent flow of a compressible barotrope medium in a potential force field the in-
stantaneous vortex lines determined by the equation ΩT × dx = 0 do not remain
unchanged, but are diffused into the surroundings, however, they remain unchanged,
while ν tends to 0.

The vortex theorem concerning the velocity field v(x, t) interpreted by turbulent
mean values is obtained from the vortex theorem (2.2) concerning the velocity field
vT (x, t) interpreted by instantaneous values by substituting ΩT = Ω+Ω′ and taking
the time-mean values:

∂Ω

∂t
+ (v · ∇)Ω− (Ω · ∇)v +Ω (∇ · v) = ν∆Ω+∇× (v′ ×Ω′) . (2.3)

Comparing this now with Ertel-Friedmann’s theorem of conservation (2.1), it can be
stated that in the velocity field interpreted by the turbulent mean velocity the vortex
lines determined by the differential equation Ω × dx = 0 do not remain unchanged
with the limit of ν tending to 0, but become diffused in the surroundings during
the motion. The extent of vortex diffusion is determined by the expression on the
right-hand side of equation (2.3): the first member is the viscosity of the medium in
flow and the second one expresses the extent of vortex diffusion caused by turbulent
exchange of momentum.

The vortex theorem regarding the velocity field of turbulent fluctuation v′(x, t) is
obtained by the following train of thought. Let us consider the turbulent motion of
a compressible barotrope fluid continuum in the surroundings of an arbitrarily fixed
point P in the field. Let the turbulent mean velocity in the point be vP and the
vortex vector ΩP = ∇×vP . In the surroundings of the fixed point P in an arbitrary
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running point Q

vT = vQ + v′ ; ΩT = ∇× vT = ΩQ +Ω′ (2.4)

are the turbulent instantaneous values. Since the extent of change in the time-mean
velocity is by several orders smaller than that of turbulent fluctuation, the general
validity is not restricted if – in the examination of the velocity field of turbulent
fluctuation – the turbulent mean velocity field is considered to be steady (stationary)
and thus velocity vP and the vortex vector ΩP are regarded as constant. The vortex
theorem (2.2) concerning the instantaneous turbulent velocity field is evidently valid
also when seen from the relative coordinate system, whose origin performs a steady
motion at the same speed as velocity vP dominant in point P . In other words, it is
possible to write the vortex theorem of the form

∂ΩT

∂t
+ [(vT − vP ) · ∇]ΩT − (ΩT · ∇) (vT − vP ) +ΩT [∇ · (vT − vP )] = ν∆ΩT

for the vortex field ΩT in the relative velocity field vT − vP . Let us now substitute
the relationships (2.4) into this equation and then take boundary transition Q → P
together with vQ → vP and ΩQ → ΩP :

∂

∂t
(ΩP +Ω′) + (v′ · ∇) (ΩP +Ω′)− [(ΩP +Ω′) · ∇]v′+

+ (ΩP +Ω′)∇ · v′ = ν∆(ΩP +Ω′) .

However, the vortex vector ΩP is constant in this equation, and therefore its deriva-
tives (both according to time and to place) disappear. And since it can no longer
lead to misunderstandings, subscript P can also be omitted from the vortex vector,
and thus the former equation gives the vortex theorem of the form

∂Ω′

∂t
+ (v′ · ∇)Ω′ − (Ω′ · ∇)v′ +Ω′ (∇ · v′) = (Ω · ∇)v′ −Ω (∇ · v′) + ν∆Ω′ (2.5)

in the velocity field v′(x, t) of turbulent fluctuation. Accordingly, the vortex lines
determined by the equation Ω′ × dx = 0 in the velocity field of turbulent fluctuation
do not remain unchanged in the case ν → 0 either, but get diffused during the motion
into the surroundings. With respect to the fact that, the higher Reynolds number
the flow has (the better developed the turbulence is), the easier it is to neglect the
intensity of viscous vortex diffusion as compared to that of turbulent vortex diffusion,
the third term on the right-hand side of the above vortex theorem can be neglected,
and the equation

∂Ω′

∂t
+ (v′ · ∇)Ω′ − (Ω′ · ∇)v′ +Ω′ (∇ · v′) = (Ω · ∇)v′ −Ω (∇ · v′) (2.6)

thus obtained can be considered to be the equation of motion of turbulent fluctuation
arising in the vicinity of an arbitrary point P of the flow, which equation describes
the instantaneous motion of a compressible barotropic fluid continuum in a relative
coordinate system with the same velocity as the Reynolds mean velocity.
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3. Stochastic turbulence model

The turbulent motion pattern arising in an arbitrary point of the flow field is examined
in a suitably chosen special relative coordinate system that moves steadily at the same
velocity as the Reynolds mean velocity in the given point and following von Kármán’s
[1] similarity hypothesis, it is assumed that, on the one hand, the turbulent motion
patterns in all the points of the field are mechanically similar to each other, therefore
all of them can be transformed into a common motion pattern, and, on the other
hand, the viscosity of the medium filling the field of this common motion pattern
is zero. Solving the equation of motion (2.6) of turbulent fluctuation in the relative
coordinate system of the common motion pattern results in the scalar components
of the velocity fluctuation, and they can be used to determine the scalar components
of the Reynolds turbulent stress tensor, which, in line with the similarity hypothesis,
are also components of the common motion pattern.

In flows surrounded by solid walls the velocity vector v and the vortex vector
Ω = ∇× v are not parallel vectors, and thus in these flows it is not always possible
to interpret a special curvilinear orthogonal coordinate system, in which one set of
coordinate lines is formed by the vortex lines (therefore one base vector is parallel to
the vortex vector), i.e. in an arbitrary fixed point one coordinate surface will always
be perpendicular to the vortex vector. If in this point the tangent plane of the other
coordinate surface is given by the surface formed by the velocity vector v and the
vortex vector Ω = ∇×v, then the normal of the third coordinate surface is necessarily
parallel to the vector v× (∇×v), and the base vectors of the given special curvilinear
orthogonal coordinate system (Figure 1) will be as follows:

e′3 = −Ω

Ω
; ; e′2 =

v ×Ω

|v ×Ω|
=

1√
1− S2

(
v

v
× Ω

Ω

)

e′1 = e′2 × e′3 =
1√

1− S2

(
v

v
− S

Ω

Ω

)
; v = |v| ; Ω = |Ω| ; S =

e

v
· Ω
Ω

.

This special coordinate system will be the natural coordinate system in what follows.
The transformation between the calculation coordinate system determined by the
base vectors e1, e2, e3 and the previous natural coordinate system based on e′1, e′2,
e′3 can be performed by means of the tensor (and its transposed) given by the following
dyadic product sums of the base vectors:

E = e′1 ◦ e1 + e′2 ◦ e2 + e′3 ◦ e3 ; ; ET = e1 ◦ e′1 + e2 ◦ e′2 + e3 ◦ e′3 .

The transformation of vector and tensor fields from the natural coordinate system
x′
1, x

′
2, x

′
3 into the calculation coordinate system x1, x2, x3 is:

a(x1, x2, x3) = E · a(x′
1, x

′
2, x

′
3) (3.1)

A(x1, x2, x3) = E ·A(x′
1, x

′
2, x

′
3) ·E

T . (3.2)
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xx’

x’

x

x’

2

=Ω ∇× v

v’
x3

3

2

1

1

v

η

ζ
ξ

v’

Figure 1. The three coordinate systems interpreted in an arbitrary
point of the flow: the calculation coordinate system x1, x2, x3, the
natural coordinate system x′

1, x
′
2, x

′
3 and the relative coordinate sys-

tem ξ, η, ζ with steady motion at a velocity equalling v.

Turbulent fluctuation is investigated separately from the turbulent main motion
arising in the Reynolds mean-velocity field v(x, t) in the relative coordinate system,
which moves steadily at a velocity equalling the Reynolds mean velocity valid in the
given point and whose axis is parallel to that of the natural coordinate system (Figure
1) and whose base vectors are the same as those of the natural coordinate system. In
this relative coordinate system the differential operators ∇ and Ω · ∇ are as follows:

∇ =
e′1
H ′

1

∂

∂x′
1

+
e′2
H ′

2

∂

∂x′
2

+
e′3
H ′

3

∂

∂x′
3

; Ω · ∇ = −Ω(e′3 · ∇) = − Ω

H ′
3

∂

∂x′
3

,

where H ′
i ( i = 1, 2, 3) means the Lamé metric coefficients of the relative coordinate

system x′
1, x

′
2, x

′
3 , which are identical with the metric coefficients of the natural

coordinate system. Next – also with respect to the relationship Ω′ = ∇ × v′ – the
equation of motion of turbulent fluctuation is obtained from equation (2.6) – assuming
an incompressible medium – in the given relative coordinate system in the following
form:

∂ (∇× v′)

∂t
+ (v′ · ∇)(∇× v′)− [(∇× v′) · ∇]v′ = − Ω

H ′
3

∂v′

∂x′
3

. (3.3)

According to hydro-mechanic evidence, we can talk about the similarity of two mo-
tion processes if their equations of motion can be transformed into each other by
means of suitably chosen (geometric and dynamic) transformations. This requires
that there exist accurately determined relationships between the scales (the conver-
sion factors of the geometric and physical quantities in the equation of motion) used
in the transformation, which will then create the necessary conditions of similarity.
For the curvilinear orthogonal coordinates of place of the relative coordinate system
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x′
1, x

′
2, x

′
3 the geometric transformations

H ′
1dx

′
1 = MLdξ ; H ′

2dx
′
2 = MLdη ; H ′

3dx
′
3 = MLdζ (3.4)

are introduced with the length scale ML, which will transform the physical space
of the velocity fluctuation into the points of the space described by the orthogonal
coordinates ξ, η, ζ so that the point of origin O(0, 0, 0) of the coordinate system ξ, η, ζ
should correspond to the fixed point P (Figure 1). The corresponding base vectors of
the two coordinate systems are identical with the base vectors of the natural coordi-
nate system. Let us also introduce the physical transformations

dt = MT dτ and v′ (x′
1, x

′
2, x

′
3, t) = MV w

′ (ξ, η, ζ, τ) (3.5)

for the time coordinate and the velocity fluctuation, respectively, where MT is the
time scale and MV is the transformation scale of turbulent velocity fluctuation. This
transformation maps the turbulent motion of the fluid continuum investigated arising
in the vicinity of an arbitrary point P of the physical space onto the motion of a fluid
model with zero viscosity filling an orthogonal coordinate system ξ, η, ς, and thus this
coordinate system can be called the pattern space of the turbulence.

The turbulent motion patterns arising in the different points of the flow space can
naturally only be considered to be mechanically similar to each other if from the equa-
tion of motion (3.3) of the turbulent fluctuation the given transformation can produce
a differential equation for the dimensionless velocity fluctuation w′ (ξ, η, ζ, τ), which
does not depend on the characteristics of the motion in point P . After performing
the transformation described in detail above, the differential equation (3.3) assumes
the following form:

MV

MTML

∂ (∇×w′)

∂τ
+

M2
V

M2
L

[(w′ · ∇)(∇×w′)− [(∇×w′) · ∇]w′] = −ΩMV

ML

∂w′

∂ζ
,

and this for the condition of mechanical similarity being searched for – i.e. the dif-
ferential equation obtained for w′ should not be dependent on the characteristics of
motion in point P evidently results in the following equality between the ‘constants’
in the equation holding:

MV

MTML
=

M2
V

M2
L

=
ΩMV

ML
. (3.6)

Namely now the former differential equation determining the vector function w′(ξ, η, ζ, τ)
assumes the form

∂ (∇×w′)

∂τ
+ (w′ · ∇)(∇×w′)− ((∇×w′) · ∇)w′ = −∂w′

∂ζ
, (3.7)

which is in fact independent of the characteristics of motion in point P . However,
according to the above, point P can be arbitrarily chosen, i.e. it may be any point
in the turbulent flow space, consequently in every point of the flow space under
examination the same dimensionless velocity fluctuation w′(ξ, η, ζ, τ) can be attached
to the turbulent velocity fluctuation in the relative coordinate system ξ, η, ζ (the
pattern space of the turbulence); and this at the same time expresses the mechanical
similarity of turbulent velocity fluctuations and of the three-dimensional turbulence
phenomenon itself as well.
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The equality (3.6) between the conversion scales ML, MT and MV contains two
independent relationships. This means that one of the three scales can be chosen at
will and that the development of the other two depends on this choice. Let e.g. the
scale to be chosen at will be the length scale: ML = l, then the others will take the
forms, resp.:

MT = 1/Ω ; MV = lΩ . (3.8)

The free choice of the length scale naturally only means here that its size l is indifferent
in terms of the existence of mechanical similarity and that it is determined by other
physical conditions.

In order to set up the turbulence model representing the internal mechanism of
turbulent fluctuation, a particular solution of the differential equation (3.7) is to be
found. The vector potential Ψ(ξ, η, ζ, τ) can be attached to the fluctuation velocity
field, from which it is possible to derive the velocity field w′(ξ, η, ζ, τ) by forming the
rotation: w′ = ∇×Ψ . It is easy to understand that the vector ∇×w′ can be written
by using the three vectors Ψ, w′ = ∇×Ψ and u = Ψ× (∇×Ψ) as follows:

∇×w′ = aΨ+ b(∇×Ψ) + cΨ× (∇×Ψ) ,

where a, b, c are scalar values. The vector ∇ ×w′ thus broken down is substituted
now into the differential equation (3.7), which gives the following:

a

{
∂Ψ

∂τ
+ (w′ · ∇)Ψ− (Ψ · ∇)w′

}
+b

∂w′

∂τ
+c

{
∂u

∂τ
+ (w′ · ∇)u− (u · ∇)w′

}
= −∂w′

∂ζ
.

However, the vector potential Ψ can also be chosen so that on the one hand ∇·Ψ = 0,
i.e. it is sourceless, and, on the other, its vector lines determined by the equation
Ψ × dx = 0 should remain unchanged in the viscosity-free fluid model filling the
system ξ, η, ζ; and then in accordance with the Ertel-Friedmann conservation theorem
(2.1), the two expressions in the figure bracket will disappear in the above equation.
Finally, by introducing the term ω = −1/b, the differential equation (3.7) to be solved
assumes the following form:

∂w′

∂τ
− ω

∂w′

∂ζ
= 0 . (3.9)

In order to solve this homogeneous first-order partial differential equation, the new
independent variables u = ζ+ωτ and z = ζ are now introduced and then considering
the identity w′(ξ, η, ζ, τ) ≡ w′ [ζ(u, z), τ(u, z); ξ, η] it is transformed for the coordinate
planes u, z:

∂w′

∂z
= 0

The solution of this differential equation is the optional vector function of the form
w′(u, ξ, η), which can be written by reversing the transformation in the following
form:

w′(ξ, η, ζ, τ) = w′(ξ, η, ζ + ωτ) .

Accordingly, the dimensionless velocity fluctuation w′ can be described by an arbi-
trary vector function that has the following independent variables: ξ, η, and ζ + ωτ .
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Since the differential equation (3.9) to be solved is linear, its solution can also be
given in the form of the following sum:

w′(ξ, η, ζ, τ) = c
N∑

n=1

 A1n(ξ, η) cos [n(ζ + ωτ) + α1n]
A2n(ξ, η) cos [n(ζ + ωτ) + α2n]
A3n(ξ, η) cos [n(ζ + ωτ) + α3n]


−c

N∑
n=1

 A2n(ξ, η) sin [n(ζ + ωτ) + α2n]
A3n(ξ, η) sin [n(ζ + ωτ) + α3n]
A1n(ξ, η) sin [n(ζ + ωτ) + α1n]

 , (3.10)

where c, ω, and αin (i = 1, 2, 3) are constants, and Ain(ξ, η) (i = 1, 2, 3) are scalar
functions, which, in line with the above, are to be chosen while satisfying the con-
dition ∇ · w′ = 0. The phase angles α1n, α2n, α3n are considered to be the three
components of the three spatial dimensions, respectively, (and may be termed spatial
phase angles), so the following relationship

cos2 α1n + cos2 α2n + cos2 α3n = 1 (3.11)

has to hold between them. The physical meaning of the constant ω is: it is the
smallest of the angular frequencies of the wave components of turbulent fluctuation.
In order to determine the functions Ain(ξ, η), substituting the vector function (3.10)
into the equation of condition ∇ ·w′ = 0 gives after a short calculation the following:

A1n(ξ, η) = C1n(η)e
nξ ; A2n(ξ, η) = C2n ; A3n(ξ, η) = C3n(ξ)e

−nη ,

where C2n is constant, and C1n(η) and C3n(ξ) are arbitrary functions (may also be
constants). However, the origin O(0, 0, 0) of the coordinate system ξ, η, ζ belongs to
an arbitrary point of the physical space, where the dimensionless velocity vector of
turbulent fluctuation can be given as

w′(0, 0, 0, τ) = cu′
0(τ) ,

where

u′
0(τ) = c

N∑
n=1

 C1n cos(nωτ + α1n)− C2n sin(nωτ + α2n)
C2n cos(nωτ + α2n)− C3n sin(nωτ + α3n)
C3n cos(nωτ + α3n)− C1n sin(nωτ + α1n)

 . (3.12)

When the dimensionless velocity fluctuation w′ is known, the physical transformation
(3.5) can be used to determine in the natural coordinate system x′

1, x
′
2, x

′
3 the velocity

fluctuation:
v′(x′

1, x
′
2, x

′
3, t) = MV w

′(0, 0, 0, τ) = clΩu′
0(τ) . (3.13)

Since the vector function u′
0(τ) is dedicated to describing the stochastic process of

turbulent fluctuation, in the following the coefficients Cin will be considered to be
random amplitudes and the values αin to be random phase angles ( i = 1, 2, 3). One
way of producing the coefficients Cin may be:

Cin = kin exp
[
−(n/K)2

]
,

where kin are probability variables with even distribution in given intervals [0, δi],
|δi| ≤ 1 and K >> 1. The phase angles αin (i = 1, 2, 3) are also probability variables
with even distribution, among which, however, the relationship (3.11) holds, therefore
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only two of the three values can be chosen at will; so finally there appear five indepen-
dent probability variables in each element of the function series (3.12). Therefore it
can be stated that our stochastic turbulence model handles the scalar components of
the dimensionless velocity fluctuation as the series sum of cosine waves with random
phase and random amplitude.

When formula (3.13) of the turbulent velocity fluctuation v′ is known, equation
(1.10) can be used to determine the Reynolds turbulent stress tensor FR in the natural
coordinate system x′

1, x
′
2, x

′
3:

FR(x
′
1, x

′
2, x

′
3, t) = −ρ(v′ ◦ v′) = −ρ (lΩ)2c2(u′

0 ◦ u′
0) .

If now the notations

α = u′ 2
0ξ/u

′
0ξu

′
0η ; β = u′ 2

0η/u
′
0ξu

′
0η ; γ = u′ 2

0ζ/u
′
0ξu

′
0η

µ = u′
0ξu

′
0ζ/u

′
0ξu

′
0η ; ϑ = u′

0ηu
′
0ζ/u

′
0ξu

′
0η ; κ2 = −c2u′

0ξu
′
0η

and the similarity tensor formed by using them

H =

 α 1 µ
1 β ϑ
µ ϑ γ

 (3.14)

as well as the dominant turbulent shear stress

Θ(x′
1, x

′
2, x

′
3, t) = ρ (κlΩ )2 (3.15)

are introduced, then the former formula of the turbulent stress tensor FR can be
written in the following form:

FR(x
′
1, x

′
2, x

′
3, t) = Θ(x′

1, x
′
2, x

′
3, t)H . (3.16)

κ is a constant known in the literature as the Kármán-constant: κ = 0.407 (the free
parameter c appearing in the formula (3.10) of the dimensionless velocity fluctuation
serves to adjust it accurately). On the basis of the relationships (3.14) and (3.16) it
can be realised that the physical meaning of the always positive Θ is: shear stress in
the natural coordinate system.

Next, regarding turbulent temperature fluctuation also as the series sum of co-
sine waves with random phase and random amplitude, and similarly to the formulas
(3.10)-(3.12) of the scalar components of dimensionless velocity fluctuation, the di-
mensionless temperature fluctuation

h′(τ) = ĉh′
0(τ) = ĉ

N∑
n=1

[
Ĉ1n cos(nωτ + α̂1n)− Ĉ2n sin(nωτ + α̂2n)

]
(3.17)

is introduced where ω is identical with the value appearing in the formulas of di-
mensionless velocity fluctuation (thus the angular frequencies of the fluctuation will
be identical in the velocity and temperature fields). The coefficients Ĉ1n, Ĉ2n and
the phase angles α̂1n, α̂2n are probability variables with even distribution, and thus
among the latter the relationship

cos2 α̂1n + cos2 α̂2n = 1 (3.18)
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holds (therefore the phase angles α̂1n , α̂2n determine a planar direction). In a
non-isotherm turbulent flow it may be assumed that the larger the inhomogeneity of
the temperature field interpreted with the mean values is, the larger the turbulent
temperature fluctuation may be; in other words, the temperature fluctuation T ′ is
proportional with the absolute value of the gradient of the temperature field T inter-
preted in terms of mean values. On the basis of this, and similarly to the velocity
fluctuation, the temperature fluctuation in the natural coordinate system x′

1, x
′
2, x

′
3

can be written in the form

T ′(x′
1, x

′
2, x

′
3, t) = l(x′

1, x
′
2, x

′
3)|∇T (x′

1, x
′
2, x

′
3, t)|h′(τ)

and thus the following

v′T ′ = l2Ω |∇T |w′(0, 0, 0, τ)h′(τ) = l2Ω |∇T |cĉu′
0(τ)h

′
0(τ)

is obtained for the mean value according to time v′T ′ – i.e. the velocity-temperature
correlation – in the natural coordinate system. Now the notations

κκ̂ = −cĉu′
0ηh

′
0 ; δ = u′

0ξh
′
0/u

′
0ηh

′
0 ; χ = u′

0ζh
′
0/u

′
0ηh

′
0

are introduced, where the free parameter ĉ is used for the adjustment of the universal
constant κ̂ = 0.47, the role of which in the turbulent boundary layers is similar to
that of the Kármán-constant κ [3]. The direction vector

q̂(x′
1, x

′
2, x

′
3) = δe′1 + e′2 + χe′3 (3.19)

of the specific turbulent heat flux density is interpreted in the natural coordinate
system x′

1, x
′
2, x

′
3, and it can be used to write the velocity-temperature correlation

v′T ′ in the form
v′T ′ = −κκ̂l2Ω |▽T |q̂

and thus the vector of the specific turbulent heat flux density appearing in the equation
of equilibrium of the internal energy (1.13) in the natural coordinate system x′

1, x
′
2, x

′
3

is:
qturb = ρcP (v′T ′) = −ρcPκκ̂l

2Ω |▽T |q̂ . (3.20)

With the help of the formula of turbulent velocity fluctuation (3.13) the following
can be determined in the natural coordinate system x′

1, x
′
2, x

′
3 one after the other:

a) turbulent kinetic energy:

k =
1

2
v′ · v′ = −1

2
(α+ β + γ)(κlΩ)2 , (3.21)

b) the vector of triple auto-correlation:

v′ · v′ · v′ = (lΩ)3t̂ , (3.22)

t̂ =

 t̂1
t̂2
t̂3

 = c3

 u′ 3
0ξ + u′

0ξu
′ 2
0η + u′

0ξu
′ 2
0ζ

u′
0ηu

′ 2
0ξ + u′ 3

0η + u′
0ηu

′ 2
0ζ

u′
0ζu

′ 2
0ξ + u′

0ζu
′ 2
0η + u′ 3

0ζ

 , (3.23)
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c) turbulent dissipation:

ϵ = ν(v′ ◦ ∇) : (v′ ◦ ∇+∇ ◦ v′) =

= −νκ2

{
2α+ β + γ

H ′ 2
1

(
∂(lΩ)

∂x′
1

)2

+
α+ 2β + γ

H ′ 2
2

(
∂(lΩ)

∂x′
2

)2

+
α+ β + 2γ

H ′ 2
3

(
∂(lΩ)

∂x′
3

)2

+

+2

(
1

H ′
1H

′
2

∂(lΩ)

∂x′q′1

∂(lΩ)

∂x′
2

+
µ

H ′
1H

′
3

∂(lΩ)

∂x′
1

∂(lΩ)

∂x′
3

+
ϑ

H ′
2H

′
3

∂(lΩ)

∂x′
2

∂(lΩ)

∂x′
3

)}
. (3.24)

Since the length scale ML = l, time scale MT = 1/Ω and velocity scale MV = lΩ of
turbulence obviously play a decisive role in the formulas of the stochastic turbulence
model, the question arises: what is their relation with the length, time and velocity
scales of Kolmogorov? The π-theory of dimension analysis will be of assistance in
answering it. If we accept that the process of turbulent fluctuation (its internal
mechanism) is fundamentally determined by the length scale l, the vortex intensity
Ω, the specific turbulent dissipation ϵ and the kinematic viscosity ν of the medium,
then these four parameters are the dominant physical characteristics of the turbulence,
the dimensions of which expressed in terms of the basis dimensions – length L and
time T in our case – assume the following forms:

target variable (a function of the rest): ϵ turbulent dissipation ∼ L2/T 3

geometrical variable: l length scale ∼ L
process variable: Ω vortex intensity ∼ 1/T
material variable: ν kinematic viscosity ∼ L2/T .

According to the π-theory of dimension analysis it follows from this that if the number
of the dominant physical characteristics is: n = 4, and the number of basis dimensions
is: m = 2, then the number of dimensionless physical characteristics determining the
process is: n −m = 2; and between them exists an implicit relationship of the form
f(π1, π2) = 0, where

π1 =
ν

l2Ω
; π2 =

ϵ

l2Ω3 (3.25)

are the two dimensionless physical characteristics. Choosing the power function

f(π1, π2) = π2 − CEπ
N
1 = 0

as the implicit relationship, after substituting the dimensionless characteristics and
ordering the equation, the relationship

ϵ = CEν
N (lΩ)2(1−N)ΩN+1 (3.26)

is given for the specific turbulent dissipation ϵ. From the analysis of experimental
results the following conclusions can be drawn: on the one hand N ≈ 7/4, and, on
the other, the coefficient CE is a constant directly proportional with the Reynolds
number (calculated with the wall friction velocity).

It takes a short calculation to obtain from the formulas (3.25) the relationships

ML = l =

(
π2

π3
1

)1/4 (
ν3

ϵ

)1/4

; MT =

(
π2

π1

)1/2 (ν
ϵ

)1/2

; MV =
(ϵν)1/4

(π1π2)1/4

(3.27)
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for the length scale l, the time scale MT = 1/Ω and the velocity scale MV = lΩ of the
stochastic turbulence model. Since the length, time and velocity scales of Kolmogorov
[4] are all determined by the formulas

ML,K =
(
ν3/ϵ

)1/4
; MT,K = (ν/ϵ)

1/2
; MV,K = (ϵν)

1/4
,

equations (3.27) express at the same time the relation between the scales of the
stochastic turbulence model and the Kolmogorov scales.

It is worth mentioning that the dimensionless characteristics π1 is nothing else
than the reciprocal value of the Reynolds number ReΩ = l2Ω/ν calculated with the
peripheral velocity lΩ of the form (vortex) with radius l and angular velocity Ω . This
ReΩ-number is related to the turbulent Reynolds number, the Prandt ReT = l

√
k/ν

as follows

ReT = κ

√
−1

2
(α+ β + γ)ReΩ ≈ 0.767ReΩ ,

thus the ReΩ-number is a local dimensionless characteristic of the turbulence.

Summary. The stochastic turbulence model handles turbulent fluctuation processes
as the series sum of cosine waves with random phase and random amplitude. It
examines turbulent fluctuation, separated from the turbulent mainstream motion de-
veloping in the Reynolds mean velocity field, in a relative coordinate system moving
steadily at a velocity identical with the Reynolds mean velocity; the base vectors of
the coordinate system being identical with those of the natural coordinate system. In
the relative coordinate system a particular solution of the equation of motion obtained
for turbulent fluctuation can be used to produce one by one the following constant
values: elements of the similarity tensor α, β, γ, µ, ϑ; scalar components t̂1, t̂2, t̂3
of the triple auto-correlation vector; components δ and χ of the direction vector of
turbulent heat flux density. Series calculations were performed in order to determine
the constants listed and they were compared with the results of several laboratory
experimental examinations, and the following proposals were arrived at:

α = −3.2 ; β = −1.6 ; γ = −2.4 ; µ = ϑ = 0

t̂1 = 1.3 ; t̂2 = −0.9 ; t̂3 = −1.0 ; δ = −0, 4 ; χ = 0 .

These α, β, γ values also correspond to the measurement results published by Kle-
banoff in 1955 [5], according to which turbulence in the boundary layer along the
planes is anisotropic, and the following proportionality

v′1v
′
1 : v′2v

′
2 : v′3v

′
3 = 4 : 2 : 3

holds between the normal components of the Reynolds turbulent stress tensor.

4. Calculating turbulent flow based on the stochastic model

In the Reynolds equation of motion of turbulent flow a divergence of the turbulent
stress tensor FR arises, which is the sum of the divergence of the deviator of the
tensor and the gradient of its first scalar invariant. Thus the first scalar invariant
of the turbulent stress tensor FR achieves the same role in the equation of motion
as the (thermodynamic) pressure p forming the first scalar invariant of the viscous
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stress tensor: in the equation of motion the negative gradients of both form part
of the specific driving force. Going on with this train of thought: the deviator of
the turbulent stress tensor FR together with the friction stress tensor forming the
deviator of the viscous stress tensor are responsible for the resistance of the fluid
to deformation. Thus the apparent increase in viscosity inherent in the turbulent
motion of the flowing fluid is caused by the deviator of the Reynolds turbulent stress
tensor. Following from equation (3.16), the deviator σR of the stress tensor FR

can be expressed in the natural coordinate system x′
1, x

′
2, x

′
3 with the deviator of the

similarity tensor:

σR(x
′
1, x

′
2, x

′
3, t) = Θ(x′

1, x
′
2, x

′
3, t)H∗ ,

where Θ is the dominant turbulent shear stress according to equation (3.15), and H∗
is the deviator of the similarity tensor:

H∗ =

 α∗ 1 µ
1 β∗ ϑ
µ ϑ γ∗

 =

 1
3 (2α− β − γ) 1 µ

1 1
3 (2β − γ − α) ϑ

µ ϑ 1
3 (2γ − α− β)

 .

Then the turbulent stress tensor FR in the natural coordinate system can be written
in the form

FR (x′
1, x

′
2, x

′
3, t) = SII +Θ H∗ , (4.1)

where I is the unit tensor, and SI is the first scalar invariant of the stress tensor FR,
which can be expressed using the specific turbulent kinetic energy k as follows:

SI = −1

3
ρ
(
v′
1v

′
1 + v′

2v
′
2 + v′

3v
′
3

)
= −2

3
ρk . (4.2)

Since the natural coordinate system x′
1, x

′
2, x

′
3 is not fixed in space, but changes

from point to point in the flow space (Figure 1), it can only be used with limitations
in the numerical solution of the concrete flow problems. It is expedient to perform
the numerical calculations in a fixed coordinate system, consequently, the vector and
tensor quantities have to be transformed from the natural coordinate system into a
calculation coordinate system matching the problem to be solved according to equa-
tions (3.1)-(3.2). In the transformation the point-wise values of dominant turbulent
shear stress Θ and scalar invariant SI being scalar functions – do not change, and the
transformed of the unit tensor I also remains a unit tensor, thus the transformation
of the turbulent stress tensor FR affects only the deviator H∗:

G(x1, x2, x3, t) = E ·H∗ ·ET . (4.3)

Next the Reynolds turbulent stress tensor assumes the following form:

FR(x1, x2, x3, t) = −ρ
2
3
kI +ΘG (4.4)

in the calculation coordinate system x1, x2, x3. Since the apparent increase in viscosity
mentioned is caused by the deviator σR = ΘG the deviator G defined by equation
(4.3) will be called vortex viscosity tensor in what follows.
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The tensor and its transformed of the natural x′
1, x

′
2, x

′
3 and the calculation coor-

dinate system x1, x2, x3 can be written in the following matrix form:

E =

 E11 E12 E13

E21 E22 E23

E31 E32 E33

 ; ET =

 E11 E21 E31

E12 E22 E32

E13 E23 E33

 . (4.5)

The scalar elements are determined by the scalar components (physical coordinates)
of the velocity vector v and the vortex vector Ω = ∇×v in the calculation coordinate
system x1, x2, x3:

E11 =
1√

1− S2

(
v1
v

− S
Ω1

Ω

)
; E12 =

1√
1− S2

v2Ω3 − v3Ω2

vΩ
; E13 = −Ω1

Ω

E21 =
1√

1− S2

(
v2
v

− S
Ω2

Ω

)
; E22 =

1√
1− S2

v3Ω1 − v1Ω3

vΩ
; E23 = −Ω2

Ω

E31 =
1√

1− S2

(
v3
v

− S
Ω3

Ω

)
; E32 =

1√
1− S2

v1Ω2 − v2Ω1

vΩ
; E33 = −Ω3

Ω

v = |v| ; Ω = |∇ × v| ; S =
v1Ω1 + v2Ω2 + v3Ω3

vΩ
.

If now the expression (4.4) of the turbulent stress tensor FR is substituted into the
equation of motion (1.9), then after the introduction of the so-called total potential
determined by the equation

Π = U +
p

ρ
− SI

ρ
= U +

p

ρ
+

2

3
k , (4.6)

the Reynolds equation of motion describing the turbulent motion of the incompressible
fluid is obtained in the following form:

∂v

∂t
+ (v · ∇)v = −∇Π+ ν∆v +

1

ρ
Div(ΘG) . (4.7)

This equation is the equation of equilibrium of the momentum transport of turbulent
flow, where the terms have the following physical meanings: the two terms on the
left-hand side are the substantial (complete in time) change of the momentum; the
first term on the right-hand side is the specific driving force relating to mass unit,
the second and the third terms are the specific resistance of the fluid to deformation,
which result from, on the one hand, the molecular viscosity of the fluid, and, on the
other, from the change of momentum resulting from the turbulent motion of the fluid
particles.

In turbulent flow problems the equation of motion (4.7) and the equation of conti-
nuity

∇ · v = 0 (4.8)

expressing the conservation of mass of incompressible fluids are generally used as basic
equations. But the Poisson-equation of the total potential Π may also be included
among the basic equations, as it can be derived from the equation of motion (4.7)
according to what follows under consideration of the equation of continuity (4.8). If
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the medium in flow is incompressible, then taking the divergence of each member in
equation (4.7) gives the following equation:

∇ · (v · ∇)v = −∆Π+
1

ρ
∇ · Div (ΘG)

For an incompressible fluid – with respect to the expansion rule

(a ◦ b):(c ◦ d) = (a · c)(d · b)

of the double scalar product of dyads – the following is obtained:

∇ · [(v · ∇)v] = ∇ · [(v ◦ v) · ∇] = (v ◦ ∇) : (∇ ◦ v) ,

which gives the following Poisson-equation referring to the total potential:

∆Π = −(v ◦ ∇) : (∇ ◦ v)+
1
ρ
∇ · Div (ΘG) . (4.9)

It is easy to understand that supplementing the equation of motion (4.7) – either
with the differential equation (4.8) or (4.9) – does not produce a closed system of
equations in terms of solving the turbulent flow problem. Namely, in the system of
equations formed by the four scalar differential equations the number of unknown
functions – the three velocity components, the total potential Π and the dominant
turbulent shear stress Θ – exceeds the number of equations, and thus the system of
equations remains underdetermined. (The vortex viscosity tensor G does not increase
the number of unknowns, for in its elements besides the constant elements of the
similarity tensor H the velocity components and their place-derivates appear.)

Owing to its underdetermined character, in turbulent flow it is necessary to supple-
ment this system of equations with further equations so that it can be solved. There
are several possibilities for this.

a) For some turbulent flows with simpler geometrical configurations the scale func-
tion l(x) of the turbulence is known, so it can be given in advance. In such a case it
is possible to add the algebraic equation

Θ(x, t) = ρ (κlΩ)2 (4.10)

to the four partial differential equations and then the system of equations to be solved
is formed by the four scalar partial differential equations and the algebraic equation
(4.10) added. The system of equations formed by the total of five equations is suitable
for determining the five unknowns: the three velocity components as well as Π and
Θ; this is the algebraic version of the stochastic turbulence model.

b) The four partial differential equations are supplemented with a fifth differential
equation, in which, however, new unknowns may appear, and thus further algebraic
equations have to be added, in which there are no more new unknowns, which results
in a closed system of equations formed by differential and algebraic equations. As
the fifth differential equation it is possible to choose equation (3.24) of the stochastic
turbulence model after it has been transformed into the calculation coordinate system
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x1, x2, x3:

νκ2
{
(2α+ β + γ)A2 + (α+ 2β + γ) B2 + (α+ β + 2γ)C2+

+2 (AB + µAC + ϑBC)}+ ϵ = 0 (4.11)

A =
∂(lΩ)

H ′
1∂x

′
1

= E11
∂(lΩ)

H1∂x1
+ E12

∂(lΩ)

H2∂x2
+ E13

∂(lΩ)

H3∂x3

B =
∂(lΩ)

H ′
2∂x

′
2

= E21
∂(lΩ)

H1∂x1
+ E22

∂(lΩ)

H2∂x2
+ E23

∂(lΩ)

H3∂x3

C =
∂(lΩ)

H ′
3∂x

′
3

= E31
∂(lΩ)

H1∂x1
+ E32

∂(lΩ)

H2∂x2
+ E33

∂(lΩ)

H3∂x3
.

With this addition, however, the five unknowns – the three velocity components, Π
and Θ – in the original four partial differential equations have been increased by two
more: the velocity scale lΩ and the specific turbulent dissipation ϵ, thus another two
algebraic equations have to be added in order to obtain a closed system of equations.
One is (4.10), and the other is equation (3.26) of turbulent dissipation ϵ:

ϵ = CEν
N (lΩ)2(1−N)ΩN+1 . (4.12)

The system of equations to be solved – the original four + the supplementary (4.11) –
is thus formed by five scalar partial differential equations, as well as the two algebraic
equations (4.10) and (4.12) added; that is a total of seven equations. The number
of unknowns is also seven: v1, v2, v3, Π, Θ, lΩ, and ϵ, thus the system of equations
formed by the five partial differential equations + two algebraic equations is closed;
this is the one-equation version of the stochastic turbulence model.

c) The equation of equilibrium (1.18) of turbulent kinetic energy can be used as
the second differential equation to supplement the original four partial differential
equations, after some formulas of the stochastic turbulence model have been intro-
duced into it. The first such formula results from the formula (4.4) of the Reynolds
turbulent stress tensor:

v′ ◦ v′ =
2

3
kI − 1

ρ
ΘG , (4.13)

the second is the formula of the velocity-pressure correlation v′p′, which, following
Prandtl [6] is written in the form

v′p′ = −ρνt∇k/Ck

where Ck ≈ 0.75. Here νt is the Boussinesq vortex viscosity factor, which is equal to
the product of the length scale l and the square root of the turbulent kinetic energy
k; with respect to the relationship (3.21) of the turbulence model, the following is
obtained for it:

νt = l
√
k = κal2Ω ; a =

√
−1

2
(α+ β + γ) .

Now the formula of the velocity-pressure correlation assumes the following form:

v′p′ = −ρ
κa

Ck
l2Ω ∇k . (4.14)
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The third formula results from the form of the triple auto-correlation determined
by equation (3.22) in the natural coordinate system transformed into the calculation
coordinate system:

v′ · v′ · v′ = (lΩ)3t ; t = E · t̂ . (4.15)

Finally, after substituting and ordering the relationships (4.13)-(4.15), the equation
of equilibrium (1.18) of turbulent kinetic energy assumes the following form:

dk

dt
=

1

ρ
ΘG : (∇ ◦ v)− ϵ−∇ ·

[
1

2
(lΩ)3t−

(
5

3
ν +

κa

Ck

(lΩ)2

Ω

)
∇k +

ν

ρ
Div(ΘG)

]
.

(4.16)
This can be used as the second supplementary equation of the four original partial
differential equations given by the equation of continuity and the three Reynolds
scalar equations of motion. Thus – supplementing the four original scalar differential
equations with the partial differential equations (4.11) and (4.16) and adding the al-
gebraic equations (4.10) and (4.12) – a closed system of equations with eight members
is obtained for determining the total of eight unknown functions (v1, v2, v3, Π, Θ, lΩ,
k and ϵ ); this is the two-equation version of the stochastic turbulence model. It is
easy to see that also when the latter version is chosen, the first step of the calculation
is given by performing the one-equation version under b), and only then comes as
a second step the solution of the differential equation (4.16) by using the functions
determined above, which gives the distribution of turbulent kinetic energy k(x, t).

d) Finally it is worth noting that it is possible to choose the equation of equilib-
rium (4.16) as the fifth equation supplementing the four original partial differential
equations instead of (4.11). Then due to the appearance of the three new unknown
functions (k, ϵ and lΩ), it becomes necessary to add three more algebraic equations:
equations (4.10) and (4.12) and equation

k = (aκlΩ)2 (4.17)

resulting from (3.21) via the notation a2 = −(α + β + γ)/2; thus a closed system
of equations is obtained, which may be called the second one-equation version of the
stochastic turbulence model, and which corresponds – essentially – to the one-equation
model published by Bradshaw, Ferris and Atwell [7]. Then it is no coincidence that
the value 1/a2 = 0.278 in equation (4.17) – calculated with the constants of the
stochastic turbulence model – is a good approximation of the Bradshaw-constant
(≈ 0.3) [8] expressing the ratio between turbulent shear stress and turbulent kinetic
energy.

In order to solve the underdetermined character of the differential equation system
describing turbulent flow the first three of the four versions described above are ev-
idently easier to handle than the fourth one, and according to our experience so far
the results obtained from them give a good approximation of reality, versions a)-c)
are to be given preference to version d).
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In the knowledge of the distributions of the dominant turbulent shear stress Θ(x, t)
and turbulent kinetic energy k(x, t) the further scalar elements of the Reynolds tur-
bulent stress tensor FR can be determined on the basis of tensor equation (4.4) as:

v′iv
′
i =

2

3
k − (κlΩ )2Gii ; i = 1, 2, 3 , (4.18)

v′iv
′
j = −(κlΩ)2Gij . (4.19)

It is worth noting here that these formulas of the scalar elements of the turbulent
stress tensor can also be used in the one-equation version as well, if the distribution
of turbulent kinetic energy k is calculated in the knowledge of the velocity scale lΩ
using the relationship (4.17).

5. Turbulent flow in a straight pipe with circular cross-section

Let us take as an example a steady turbulent flow in a long straight pipe, which
can be assumed to be rotation-symmetric and that only the axial component of the
Reynolds time-mean average speed is not zero, and the other two components disap-
pear. The computations are performed in the cylinder-coordinate system x, r, φ, and
the following hold for the velocity and vortex components:

vx = v(r) ; vr = vφ = 0 ; Ωx = Ωr = 0 ; Ωφ = −dv

dr
; Ω = |Ωφ| =

∣∣∣∣dvdr
∣∣∣∣ .

From all this it also follows that the dominant turbulent shear stress is a function
of only the coordinate r: Θ(r). The elements of the tensor E of the transformation
between the natural and the calculation coordinate systems and of the vortex viscosity
tensor G now take the forms:

E =

 1 0 0
0 −1 0
0 0 −1

 ; G =

 α∗ −1 0
−1 β∗ 0
0 0 γ∗

 .

A short calculation gives the following forms for the components in directions x and
r of the divergence of the Reynolds turbulent stress tensor:

Div (ΘG)|x = −1

r

d(rΘ)

dr
; Div (ΘG)|r =

β∗

r

d(rΘ)

dr
− γ∗

r
Θ .

Then the two scalar equations of motion assume the forms:

0 = −∂Π

∂x
+

ν

r

d

dr

(
r
dv

dr

)
− 1

r

d(rΘ)

dr
(5.1)

0 = −∂Π

∂r
+

β∗

r

d(rΘ)

dr
− γ∗

r
Θ (5.2)

and the first supplementary differential equation assumes the form:

νκ2(α+ 2β + γ)

(
d(lΩ)

dr

)2

+ ϵ = 0 . (5.3)

Since in these three differential equations there are altogether five unknown functions
– velocity v, total potential Π, dominant turbulent shear stress Θ, velocity scale lΩ
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of fluctuation and specific turbulent dissipation ϵ –, two algebraic equations have to
be added which contain no new unknown function:

Θ = ρ(κlΩ)2 (5.4)

ϵ = CEν
N (lΩ)2(1−N) |dv/dr|N+1

. (5.5)

It is easy to see that the system of equations (5.1)-(5.5) is a closed system from
the point of determining the five unknown functions, thus this case represents an
application of the one-equation version of the stochastic turbulence model.

In order to determine the elements of the turbulent stress tensor it is necessary to
solve the second supplementary differential equation – the equation of equilibrium of
the turbulent kinetic energy – as well:

0 =
Θ

ρ

dv

dr
+ ε

− 1

r

d

dr

{
r

[
t̂

2

dv

dr
(lΩ)3 +

(
5ν

3
+

κa

Ck

(lΩ)2

Ω

)
dk

dr
− ν

ρ

(
β∗

r

d(rΘ)

dr
− γ∗

r
Θ

)]}
. (5.6)

In this differential equation only the specific turbulent kinetic energy k appears as a
new unknown function, therefore the system of equations (5.1)-(5.6) forms a closed
system regarding the determination of the six unknown functions: velocity v, total
potential Π, dominant turbulent shear stress Θ, the velocity scale lΩ of turbulent
fluctuation, turbulent dissipation ϵ, and turbulent kinetic energy k. The numerical
solution of this system of equations with six members represents the two-equation
version of the stochastic turbulence model.

Equations (5.1)-(5.2) make it easy to see that the partial derivative of the total
potential Π(x, r) according to x is constant, which can be expressed by the drop in
potential ∆Π measured on the pipe-section of length L as follows: ∂Π/∂x = −∆Π/L.
As usual, the viscous shear stress on the pipe wall is used to define the wall friction
velocity v∗:

v∗ =

√
|τwall|

ρ
=

√
∆ΠR

2L
,

where R is the pipe radius. If the Reynolds number Re∗ = v∗R/ν calculated with
the wall friction velocity v∗ as well as the dimensionless place coordinate ξ = r/R,
the dimensionless velocity V = v/v∗ and the dimensionless velocity scale Y = lΩ/v∗
are introduced, the differential equations (5.1) and (5.3) after the substitution of the
algebraic equations (5.4) and (5.5) assume the forms:

dV

dξ
= Re∗

(
κ2Y 2 − ξ

)
(5.7)

a∗κ
dY

dξ
=

√
CE

Re(N−1)/2
∗

Y 1−N

∣∣∣∣dVdξ
∣∣∣∣N+1

2

, (5.8)

where on the basis of analysing the measurement results N ≈ 7/4, and

a∗ =
√
−α− 2β − γ .
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The coefficient CE depends, beyond depending on the Re∗-number, on the spatial
coordinate ξ:

CE = C0 (1− ξ)
3

; C0 = (0.09.̇..0.16)Re∗ .

Reducing equations (5.7) and (5.8) gives for the velocity scale Y the differential equa-
tion

dY

dξ
=

Re∗
√
CE

a∗κ
Y 1−N

∣∣κ2Y 2 − ξ
∣∣N+1

2 .

It is easy to see that the introduction of the function

U = Y N

results in the differential equation to be solved assuming the form

dU

dξ
= N

Re∗
√
CE

a∗κ

∣∣∣κ2U2/N − ξ
∣∣∣N+1

2

,

which is easy to integrate numerically with the Runge-Kutta method. When the
distribution Y (ξ) is known, integration of the equation (5.7) determines the dimen-
sionless velocity distribution V (ξ). The dimensionless velocity maximum playing the
role of integration constant depends on the Re∗-number:

Vmax = 6 +
1

κ
lnRe∗ . (5.9)

Figure 2. Smooth fitting of the turbulent distribution onto distribu-
tion in a viscous sub-layer

With respect to the fact that the differential equation (3.9) forming the basic
equation of the stochastic turbulence model and the vector function (3.10) obtained
as its solution for turbulent velocity fluctuation are valid for the fully developed
turbulent motion – and this restriction applies to all the relationships derived from
it –, the differential equations (5.7)-(5.8) do not hold in the thin viscous sublayer
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adhering to the pipe wall. As a result, in the calculation of the functions Y (ξ) and
V (ξ), the zero boundary conditions relating to the pipe wall can be fulfilled by the
smooth fitting of the viscous sublayer onto the distributions disappearing next to the
wall. For the turbulent distribution F (ξ), the polynomial of the form

f(ξ) = (a+ bξ) (1− ξ) ; ξδ ≤ ξ ≤ 1 (5.10)

is used to approximate the smoothly fitting distribution in place ξδ, where the co-
efficients a and b can be determined by fulfilling the conditions of smooth fitting,
according to which the two functions fitting each other and their first derivatives are
identical in place ξδ of the fitting (Figure 2), which results in the following:

a = F (ξδ)
1− 2ξδ
(1− ξδ)2

− F ′(ξδ)
ξδ

1− ξδ
; b = F (ξδ)

1

(1− ξδ)2
+ F ′(ξδ)

1

1− ξδ
.

Experimental experience shows that the derivative of the velocity distribution V (ξ)
on the wall (in place ξ = 1) both for the laminar and turbulent cases is

V ′(1) = −Re∗ .

For f(ξ) replacing F (ξ)

f ′(1) = − tanα = −(a+ b)

holds (Figure 2), thus for V (ξ)the condition

a+ b = Re∗

has to hold, which, after the substitution of the previous formulas of the coefficients
a and b gives the equation

2V (ξδ) + (1− ξδ) [v
′(ξδ)− Re∗] = 0 (5.11)

for determining the coordinates ξδ of smooth fitting. When ξδ is known, it is possible
to calculate also the coordinates a and b of the distributions in the viscous sublayer
not only in terms of the dimensionless velocity scale Y (ξ) and the dimensionless ve-
locity V (ξ), but also in terms of the other turbulent distribution as well. It follows
from all this that the place coordinate ξδ determined by means of equation (5.11) can
be considered to be the boundary of the viscous sublayer, where the turbulent distri-
butions smoothly fit the laminar distributions fulfilling the zero boundary condition
valid on the pipe wall.

When the dimensionless velocity scale Y (ξ) is known, the as yet unknown fur-
ther turbulent distributions can be determined: the dimensionless distribution of the
dominant turbulent shear stress of the form

Θ

ρv2∗
= κ2Y 2 (5.12)

and the dimensionless distribution of the specific turbulent dissipation of the form

ϵR

v3∗
= CE Re∗ Y

2(1−N)
∣∣κ2Y 2 − ξ

∣∣N+1
. (5.13)
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Finally the integration of differential equation (5.2) gives for the dimensionless total
potential the equation

Π(x, ξ)

v2∗
=

Π0

v2∗
− ∆Π

v2∗

x

L
+ β∗κ

2Y 2 + (β∗ − γ∗)κ
2

ξ∫
0

Y 2 dξ

ξ
(5.14)

for the integration constant Π0/v
2
∗ neglecting the field forces, the following form is

obtained:
Π0

v2∗
=

p0
ρv2∗

− κ2α+ β + γ

3
,

where p0 is pressure in the middle of the initial cross-section of the pipe section (in
place x = 0) and ∆Π is the total potential drop in section with length L. The
calculation of the distribution of the total potential gives the last step of the one-
equation version of the stochastic turbulence model.

In order to determine the distribution of the specific turbulent kinetic energy it is
necessary to solve the – second supplementary – differential equation (5.6) numerically.
When the distribution Y (ξ) is known, the differential equation (5.6) can be made with
some modification – including one integration in terms of ξ – suitable for determining
the distribution of the dimensionless specific turbulent kinetic energy K = k/v2∗:{

5

3
+

κa

Ck

Y 2

|κ2Y 2 − ξ|

}
dK

dξ
− 2κ

β∗

a∗
Re∗

√
CEY

2−N
∣∣κ2Y 2 − ξ

∣∣N+1
2 +

+Re∗
t̂2
2
Y 3 − κ2(β∗ − γ∗)

Y 2

ξ
− Re2∗ F (ξ) = 0 , (5.15)

where Ck ≈ 0.75, and

F (ξ) =
1

ξ

ξ∫
0

{
κ2Y 2

(
κ2Y 2 − ξ

)
+ CEY

2(1−N)
∣∣κ2Y 2 − ξ

∣∣N+1
}
ξdξ .

When the distribution of the dimensionless velocity scale Y (ξ) is known (i.e. it has
been determined on the basis of the one-equation version), there is no obstacle in the
way of the numerical solution of the differential equation (5.15). For the integration
constant K0 the formula

K0 = −κ2α+ β + γ

2
can be recommended, which is also supported by measurement results.

Next – when the distributions K(ξ) and Y (ξ) are known – the formulas (4.18)-
(4.19) can be used to calculate the scalar elements different from zero of the Reynolds
turbulent stress tensor as well:

FR11 =
v′xv

′
x

v2∗
= 2K(ξ)

α

α+ β + γ
; FR22 =

v′rv
′
r

v2∗
= 2K(ξ)

β

α+ β + γ

FR33 =
v′φv

′
φ

v2∗
= 2K(ξ)

γ

α+ β + γ
; FR12 =

v′xv
′
r

v2∗
= κ2Y 2(ξ) .
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In the viscous sublayer – similarly to equations (5.7)-(5.8) and for the same reason
– the differential equation (5.15) also loses its validity, therefore the zero boundary
conditions referring to the pipe wall for the main stresses can also be fulfilled by
smooth fitting on the distributions disappearing on the wall. The connection between
the distributions in turbulent and sublayer zones can be approximated by a third
order polynomial for v′xv

′
x/v

2
∗ and by a second polynomial for the other two main

stresses. The place ξF of the fitting of the velocity distribution V (ξ) is in the vicinity
of the place of fitting of ξδ: ξF ≤ ξδ (it is smaller for larger Re∗-numbers). In a
second order approximation the main stress distribution F (ξ) in the viscous sublayer
is replaced by the following function

f(ξ) = F (ξF )
(1− ξ)(b+ ξ)

(1− ξF )(b+ ξF )
; ξF ≤ ξ ≤ 1 ,

where the coefficient b can be determined as follows:

b =
1− (B + 2)ξF

B + 1
; B =

F ′(ξF )

F (ξF )
(1− ξF ) .

In a third-order approximation the main stress distribution F (ξ) in the viscous sub-
layer is replaced by the function

f(ξ) = F (ξF )
(1− ξ)(ξ2 + bξ + c)

(1− ξF )(ξ2F + bξF + c)
; ξF ≤ ξ ≤ 1 .

In this case the value of the maximum of the main stress – assumed in the viscous
sublayer – is also to be given, which according to experimental experience is a function
of the Re∗-number:

fm =
7Re∗ −475

Re∗ −50
and then the coefficients b and c as well as the place of maximum ξm are to be
determined iteratively on the basis of the formulas

b =
(B + 1)(2− 3ξm)ξm + (B + 3)ξ2F − 2ξF

(B + 1)(2ξm − 1)− (B + 2)ξF + 1

c = (2− 3ξm)ξm + (1− 2ξm)b ,

while the condition f(ξm) = fm is simultaneously fulfilled. Determining also the dis-
tribution of the scalar elements of the Reynolds turbulent stress tensor in the viscous
sublayer has performed the last step in the two-equation version of the stochastic
turbulence model.

Figure 3 shows the solutions of the differential equations (5.7), (5.8) and (5.15)
describing the turbulent flow in a pipe with circular cross-section for three different
Re∗-numbers (Re∗1 = 100, Re∗2 = 1000 and Re∗3 = 10000) against the dimensionless
place coordinate y+ = Re∗(1− r/R). Notations: V (y+) is velocity, Y (y+) is velocity
scale and K(y+) is turbulent kinetic energy (all are made dimensionless by means
of the wall friction velocity v∗). For the sake of better comparison, the Figure also
includes the Prandtl universal turbulent velocity profile V = 1

κ ln y+ + 5 and the
laminar velocity distribution V = y+ of the viscous sublayer. Our experience shows
that for the stability of the calculation it is necessary to choose the division of the
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interval 0 ≤ ξ ≤ 1 to be at least 5000; and so that it increases with the Re∗-number
(5000 is sufficient for Re∗ = 100, while 15000 is recommended for Re∗ = 10000).
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Figure 3. Solutions for Y , V , K of the differential equation of tur-
bulent flow in a pipe for three different Re∗-numbers.

Figure 4 shows a comparison of calculated velocity distribution for two different
Reynolds-numbers with the measurement results of Laufer [9]; the Reynolds-numbers
of the identification are calculated using the velocity maximum because that was used
in the measurements as well. Since it is expedient to use the number Re∗ = v∗R/ν
calculated with the wall friction velocity v∗ for identifying the numerical calculations,
the Rem and Re∗ numbers: Rema = 50000 and Re∗a = 1079.44 as well as Remb

=
500000 and Re∗b

= 8826.69 corresponding to each other in the two cases shown in
the Figure are given. The figures show a good correlation between the calculated and
measured results.

Figure 5 shows a comparison between the calculated results of the scalar elements
along the main diagonal of the Reynolds turbulent stress tensor (i.e. the main stresses)
while Figure 6 shows a comparison between the calculated results of turbulent shear
stresses as well as those of velocity profiles in terms of the velocity maximum and the
measurement results of Laufer [9] for the same two Rem-numbers.
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Figure 4. Comparison of calculated velocity distributions with the
measurement results of Laufer [9].
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Figure 5. Comparison of calculated turbulent main stresses for two
different Re-numbers with the measurement results of Laufer [9].
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Figure 6. Comparison of the calculated results for the velocity profile
and turbulent shear stress with the measurement results of Laufer
[9].
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For the sake of completeness let us sum up in short the formulas forming the
algebraic version of the stochastic turbulence model as well. If the expression

Y =
lΩ

v∗
=

l

R

∣∣∣∣dVdξ
∣∣∣∣ (5.16)

is substituted into differential equation (5.7), and the equation – of second order for
dV/dξ – obtained is solved, a differential equation of the form

dV

dξ
=

1±
√
1 + 4κ2 Re2∗(l/R)2ξ

2κ2 Re∗(l/R)2

is obtained, where evidently the lower one of the double sign has physical reality (i.e.
for a flow in pipes in the points of the cross-section dV/dξ ≤ 0). Taking this into
account, the above equation is modified to some extent, then its integration produces
an integral expression for determining the dimensionless velocity distribution V (ξ):

V (ξ) = Vmax −
ξ∫

0

2Re∗ ξ dξ

1 +
√
1 + 4κ2 Re2∗(l/R)2ξ

, (5.17)

where the integration constant Vmax is to be calculated using relationship (5.9). For
determining the dimensionless velocity scale, on the basis of (5.16) the following for-
mula is obtained:

Y (ξ) =
2Re∗(l/R)ξ

1 +
√
1 + 4κ2 Re2∗(l/R)2ξ

. (5.18)

By using the following dimensionless scale function, calculation results with a good
correspondence with the laboratory measurements are obtained:

l/R =
(
0.35 + 0.15ξ2

) (
1− ξ2

)
{1− exp [m(ξ − 1)]} ,

where m = Re∗ /25. When the distributions Y (ξ) and V (ξ) are known – as it has
already been expounded concerning the one-equation version –, the formulas (5.12)-
(5.14) can be used to determine the following one after the other: the dimensionless
dominant turbulent shear stress Θ/ρv2∗, the dimensionless specific turbulent dissipa-
tion ϵR/v3∗ and the dimensionless total potential Π/v2∗.

Finally it should be noted that by using a special scale function the integration can
be performed in the formula (5.17), resulting in a closed analytic expression for the
turbulent profile fully developed in the pipe. The dimensionless scale function is

l/R =
(
1− ξ3

)
/3 , (5.19)

which substituted into equation (5.17) results after integration in the formula:

V (ξ) = Vm − 1

κ
ln

1 + ξ3/2

1− ξ3/2
. (5.20)

Since this distribution does not automatically satisfy the zero boundary condition
referring to the pipe wall either (i.e. it has a pole in place ξ = 1), the zero boundary
condition can be fulfilled in this case in the viscous sublayer by a smoothly fitted
distribution (Figure 2).
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It should be noted that the turbulent velocity distribution calculated by formulas
(5.17) and (5.20) of the algebraic version of the stochastic turbulence model is identical
‘within line thickness’ with the velocity distribution calculated on the basis of the one-
and two-equation versions, which in turn shows a very good correspondence with the
measurement results.

6. Summary

The underdetermined character of the system of differential equations formed by the
equation of continuity and the three Reynolds scalar equations of motion can be
eliminated on the basis of the stochastic turbulence model by adding the differential
equation for the turbulent velocity scale, and the turbulent mean velocity field can
be determined by solving the system of equations with a suitable numerical method.
When the velocity scale is known, the distribution of the turbulent shear stress can
be calculated. This method – where the original system of differential equations
containing four members is supplemented with a further differential equation – is
termed the one-equation version of the stochastic turbulence model.

In order to be able to determine the scalar elements along the main diagonal of the
Reynolds turbulent stress tensor, the system of equations to be solved is to be sup-
plemented with a second differential equation as well, i.e. the transport equation of
the specific turbulent kinetic energy. After determining the distribution of the turbu-
lent kinetic energy it becomes possible to calculate the distributions of the turbulent
main stresses by using the formulas of the stochastic turbulence model. The method
obtained – in a three dimensional case built on numerically solving a system of equa-
tions constituted by a total of six differential equations and two algebraic equations
– forms the two-equation version of the stochastic turbulence model.

A comparison of the calculations performed for a flow in a pipe with a circular cross-
section for two different Reynolds-numbers with the experimental results of Laufer
[9] shows that the results calculated on the basis of the stochastic turbulence model
exhibit a satisfactory correspondence with the measurements; for the distribution of
velocity and shear stress the calculated and measured results are practically identical;
for the turbulent main stresses the correspondence at present can be interpreted with
a certain limit of error, which can be improved by a correction of the constants in the
model.
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