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Abstract This paper presents a short theoretical summary of the series expansion-based

2.5D combined geoelectric weighted inversion (CGWI) method and highlights the

advantageous way with which the number of unknowns can be decreased due to the

simultaneous characteristic of this inversion. 2.5D CGWI is an approximate inversion

method for the determination of 3D structures, which uses the joint 2D forward modeling

of dip and strike direction data. In the inversion procedure, the Steiner’s most frequent

value method is applied to the automatic separation of dip and strike direction data and

outliers. The workflow of inversion and its practical application are presented in the study.

For conventional vertical electrical sounding (VES) measurements, this method can

determine the parameters of complex structures more accurately than the single inversion

method. Field data show that the 2.5D CGWI which was developed can determine the

optimal location for drilling an exploratory thermal water prospecting well. The novelty of

this research is that the measured VES data in dip and strike direction are jointly inverted

by the 2.5D CGWI method.
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1 Introduction

Geoelectric methods have widespread use in engineering, geophysical, geological and

hydrogeological, geotechnical and environmental studies. Some of them have been

developed suitably for the investigation of complex heterogeneous structures. For

prospecting 2D/3D structures, finite difference (FD), finite element (FE), integral equation

and analytical and approximate methods have been developed. The method of 1D

approximation is often used for solving the forward and inverse problems (summarized in

Koefoed and Mallick 1979). Geoelectric methods are widely used in hydrogeological

investigations all over the world (Buvat et al. 2013; Gandomi and Binley 2013; Olainka

and Weller 1997; Bortoloza et al. 2011). It is also evident, however, that to refine the

research additional methods must be developed, such as joint inversion, qualification of the

inversion method and application of 2D and 3D evaluations. In practice, the 1D approx-

imation can only be applied in the determination of 2D/3D structures when the thicknesses

and resistivities of layers vary relatively smoothly and slowly. In the opposite case, fast

variations of the model parameters may cause problems (Beard and Morgan 1991; Meheni

et al. 1996). A single inversion method is commonly used in 1D approximation. In that

case, not only the error of approximation but also the inaccuracies of the single inversion

procedure (e.g., ambiguity) bear great influence on the evaluation results. Joint inversion

methods have been developed to improve the inversion results (Vozoff and Jupp 1975;

Dobróka et al. 1991; Hering et al. 1995; Gyulai and Ormos 1996; Misiek et al. 1997; Haber

and Oldenburg 1997; Kis et al. 1998; Gallardo and Meju 2004; Szabó 2004; Dobróka and

Szabó 2005; Jegen et al. 2009; Dobróka et al. 2009; Doetsch et al. 2010; Gyulai et al.

2012, 2013; Gyulai and Szabó 2014; Szabó 2015).

Several approaches have been taken toward improving the accuracy of the interpre-

tation results required of geoelectric exploration. This paper emphasizes certain devel-

opment tendencies and does not consider those researches that are based on the

transformation of geoelectric data measured in one layout to that of another one (e.g.,

from Wenner array to Schlumberger array) (Kumar and Das 1978). One of the most

important results in the development of 2D/3D geoelectric forward modeling methods

was published by Mufti (1976) and Dey and Morison (1979a, b). They allowed the

researchers to use procedures more accurate than 1D approximation for inverse model-

ing. The original and further developed releases of Spitzer’s (1995) algorithm (and

software) represent an outstanding procedure, which is integrated in the suggested series

expansion-based inversion method. The implementation of FD methods has been an

important step to a more accurate interpretation (Tripp et al. 1984; Barker 1992; Li and

Oldenburg 1994; Loke and Barker 1996), while the application of integral equation

methods (Lee 1975) and the development of FE methods (Coggon 1971; Sasaki 1994;

Günter et al. 2006) have also been of great importance in finding a better interpretation.

Analytical procedures have been worked up for solving 2D forward modeling problems

(Alpin et al. 1966; Gyulai and Ormos 1996).
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2 Interpretation of VES Data Using Series Expansion-Based Inversion
Method

Direct current (DC) surveys are frequently used in geoelectric exploration. One of them,

the multi-electrode measurement technique, using several types of arrays, can be easily

adapted for shallow investigation purposes down to a depth of 20–30 m. The application of

the method is advantageous because of a quick computerized data acquisition process, high

density of apparent resistivity data collected in both horizontal and vertical directions and

relatively simple interpretation of resistivity pseudosections. Moreover, the reconstruction

of complicated (rapidly varying) geological structures can be made by inversion-based

tomographic imaging methods (Loke and Barker 1996; Geotomo Software: Res2DINV

2006; Gyulai and Ormos 1999; Auken and Christiansen 2004; Auken et al. 2005; Blaschek

et al. 2008). Despite the abundance of data collected from a multiply overlapped area, it is

necessary to apply smoothness constraints on the multitude of unknown model parameters

so as to regularize the inversion procedure. Hence, it arises that the inversion procedure

becomes stable, but there is no possibility to check the reliability of inversion estimates

based on the model covariance matrix (Menke 1984). It is also obvious that the deter-

mination of resistivity for a given volume of rock may be helpful in setting an initial

model. The most challenging problem of the Res2DINV algorithm is the rather limited in

estimation accuracy when it is used for the inversion of VES (vertical electrical sounding)

data observed along the line of VES stations with a separation of 50–500 m and different

penetration depths between 100 and 500 m. In the lateral direction, the structures are not

covered quite densely by the volumetric elements because of the sparse data set.

2.1 Geoelectric Inversion Method Using Series Expansion

In geoelectric series expansion-based inversion, the variations of geometrical (i.e., layer

boundary) and physical (i.e., resistivity) parameters of the geological structure are

described by continuous functions expanded into series along the profile. Then, the series

expansion coefficients are estimated in the inversion procedure to derive the physical and

geometrical parameters. (In 3D inversion, bivariate basis functions are used in the series

expansion.) In the inversion practice, Fourier expansion has been mostly applied for the

discretization of laterally changing model parameters (Gyulai and Ormos 1999)

qn sð Þ ¼ 1

2
dno

þ
XKn

k¼1

dnk cos k
2ps
sp

þ
XKn

k¼1

d�nk sin k
2ps
sp

; ð1Þ

hn sð Þ ¼ 1

2
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l¼1
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c�nl sin l
2ps
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; ð2Þ

where index n = 1, 2, …, N runs through the number of layers (N is the total number of

layers), qn (s) is the resistivity function of the nth layer, hn (s) is the thickness function of

the nth layer, s is the lateral coordinate along the profile, Sp is the total length of the profile

and dnk , d
�
nk; cnl;c

�
nl

denote the expansion coefficients, respectively. Constant Kn and Ln can

be determined on the basis of the VES measuring stations. The maximum values of

parameters Kn and Ln are determined by the number of VES stations as is stated by Gyulai

and Ormos (1999).
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2.1.1 1.5D Geoelectric Inversion Method

In the first phase of the interpretation procedure, the 1.5D inversion method is used. Data

prediction is based on a 1D forward modeling algorithm, which gives a quick estimate of

the initial model and then of the apparent resistivities calculated with the modified model.

The 1.5D inversion procedure requires barely more CPU time than the whole set of 1D

inversion procedures. The least squares (LSQ) method is used in the linearized inversion

algorithm. Gyulai and Ormos (1999) derived the covariance matrix for the case of laterally

varying geoelectric models, which characterizes the reliability of the inversion procedure.

Owing to the 1D approximation, it necessarily follows that reliability can be quantified

only approximately via the estimation errors calculated in the 1.5D inversion procedure.

2.1.2 Combined Geoelectric Inversion (CGI) Method

The CGI method is discussed in detail by Gyulai et al. (2010). The inversion algorithm is

comprised of two phases. In the first step, the initial model used for the succeeding time-

consuming 2D inversion procedure is estimated by a rapid 1.5D inversion method, which

provides a proper solution after a few iteration steps. In the relevant paper, the data

distance d, model distance D, estimation error rkm (uncertainty), average estimation error

F and correlation norm S have been defined, respectively.

Various quantities can be used to characterize the accuracy of the inversion results. In

the data space, the normalized data distance d is defined

d ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

I

XI

i¼1

q observedð Þ
a;i � q calculatedð Þ

a;i

q calculatedð Þ
a;i

 !2
vuut � 100%; ð3Þ

where I denotes the total number of apparent resistivity data qai. In the case of inversion of

synthetic data calculated on an exactly known model (with model parameters m~
exactð Þ

), the

relative model distance has been computed

D ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

M

XM

i¼1

m
estimatedð Þ
i � m

exactð Þ
i

m
exactð Þ
i

 !2
vuut � 100%; ð4Þ

where M is the total number of model parameters.

The accuracy of the parameter estimation is often characterized by means of the vari-

ances, which are derived from the diagonal elements of the parameter covariance matrix

(Menke 1984). We give the elements of the covariance matrix at each VES station by using

the formulation of series expansion, which is a new solution for lateral changes. Since the

covariance matrix is calculated primarily to the expansion coefficients in the inversion

procedure, the covariance matrix of the layer parameters is estimated in a new step in the

practice

rkm ¼ rkðxmÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiPJðkÞ
i¼1

PJðkÞ
j¼1 WkiðxmÞ �WkjðxmÞ � COVij

� �q

pkðxmÞ
; ð5Þ

where rk(x) denotes the estimation error of the kth model parameter (i.e., resistivity or

thickness) and rkm is the same at the mth VES station (at x = xm). K is the total number of

the pk(x) model parameters (k = 1, 2, …, K), and M is the number of VES stations along
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the profile (m = 1, 2, …, M). J(k) is the number of basis functions in the series expansion

describing the kth model parameter, Wki(x) and Wkj(x) are the ith and jth basis functions and

COVij is the covariance matrix elements of the estimated expansion coefficients (Menke

1984).

In order to give an overall accuracy of the parameter estimation for the whole model,

the mean (percentage) estimation error F is introduced as

F ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

KM

XK

k¼1

XMk

m¼1

r2
km

vuut � 100 ð%Þ: ð6Þ

In order to characterize the degree of correlation among the estimated model parameters,

the Pearson’s correlation matrix is extensively used

CORRij ¼
COVijffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

COViiCOVjj

p : ð7Þ

Because of the large number of the matrix elements, it is useful to introduce a single scalar

S ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

PðP� 1Þ
XP

j¼1

XP

i¼1

CORRij � dij
� �2

vuut ; ð8Þ

called the mean spread (Menke 1984), as a general characteristic value describing the

model correlation (P is the total number of the model parameters; dij is the Kronecker

delta). The smaller the values of D, F and S characterizing the whole inverted section

(which is calculated from the covariance matrix of expansion coefficients), the more

reliable are the results of the 1.5D and CGI. In the inversion of field data, only F and S can

be used for the characterization of the inversion results. For investigations using synthetic

data, we can additionally use the model distance D. These values can be applied for the

determination of the optimal number of coefficients (Gyulai et al. 2010).

A strategy for the determination of the optimal number of expansion coefficients is also

suggested, presented as one of the most important problems of the series expansion-based

inversion method. According to this strategy, the highest possible numbers of expansion

coefficients (i.e., most complicated geological model) are accepted as a solution of the

inverse problem, where the misfit between the observed and predicted (for the model) data

(d) and the average estimation error (uncertainty) F are simultaneously minimal. All these

inversion results were presented as synthetic and case studies. The CGI results were

compared to those of the Res2DINV software by using synthetic modeling examples. A

case study including the evaluation of a laterally slowly varying model was shown to make

a comparison between the 1.5D inversion and CGI methods. The two methods gave similar

results, with the difference that the estimation errors were significantly reduced by the CGI

method.

2.1.3 Combined Geoelectric Weighted Inversion Over a Two-Dimensional Geologic
Structure

Drahos (2008) published a joint inversion method for processing data following Gaussian

distribution, which is based on the automatic weighting of geophysical data sets. The 2.5D

combined geoelectric weighted inversion (CGWI) method fulfills the above requirement by

using automatic weighting on the measurement data. As a result, the reliability of
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parameter estimation is not reduced (or improved just slightly) when data sets burdened

with large errors are inverted. This can be made easily by using the CGWI method, which

allows for each VES station situated along a profile to have different amounts of uncer-

tainty. No preliminary knowledge of the errors is required as the inversion algorithm

estimates them automatically.

Gyulai et al. (2014) successfully applied the aforementioned automated weighting

procedure in the CGWI framework. A field study was shown to demonstrate the significant

differences between the estimation errors (F) given by 1D single inversion and 2D CGI

methods. The study draws attention to the estimation errors given by the 1D inversion

procedure that sometimes exceed 100%.

2.1.4 2.5D Geoelectric Inversion Method Using Series Expansion

Gyulai and Tolnai (2012) presented the principles of a new approximate inversion method

used for the determination of 3D geological structures. The principles of the series

expansion-based geoelectric inversion method are detailed in Gyulai et al. (2010). In this

study, the 2.5D CGWI procedure is further developed and applied to the interpretation of

real data. The workflow of the inversion process is shown in Fig. 1.

In our previous papers, 3D approximate methods using measurements with two different

directions were presented. It was assumed that the direction of dip and strike is known. In

the knowledge of the main directions of the structure, one can apply either a dip or a strike

direction forward modeling procedure. The Steiner’s most frequent value method takes the

deviation from the 2D structure into consideration with using an automatic weighting of

data. The new method assumes that the geological structure may vary in both directions,

Fig. 1 Workflow of 2.5D CGWI
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i.e., the data of VES stations along a profile or that of the same VES station can be more

like dip or strike type. It is advisable to assume the appearance of both data types along the

same profile. The Steiner’s most frequent value (MFV) method allows for such separation

of data measured along a section and the determination of the structure using a simulta-

neous inversion technique. Obviously, the proper resolution of 3D structures requires

observations over a measurement grid. The newly suggested method reduces the 3D

problem to a set of section-wise evaluations. Then, the vertical and horizontal variation of

the geological structure is determined by the interpolation of the data of the sections. The

concept of the series expansion-based 3D inversion method seems to be a promising step-

forward for a more correct interpretation, but it may cause problems of increased computer

time and less reliability of the results of complicated (multivariate) inversion procedure. As

is shown in Fig. 1, there are two types of geological structures along Profile-I. One type

follows dip direction and the other follows the strike direction; thus, some of the data of

each VES station are either dip or strike direction measurements depending on the sepa-

ration distance of the given VES array. However, before the measurement, we do not know

which data belong to dip or strike direction and which the main directions of the geological

structure are. Before the inversion phase, all input data are treated if they were dip and

strike direction measurements. They are automatically separated only in the simultaneous

2.5D CGWI procedure. This separation is performed at every electrode distance of each

VES station using the Steiner’s MFV method using a special weighting process. This

simultaneous inversion procedure is used to process the data of Profiles 0, I, II, III,

respectively. The determination of the areal (spatial) distribution of layer parameters

requires further interpolation.

The new inversion technique is more efficient than the one suggested earlier by Gyulai

and Tolnai (2012), because it does not require the preliminary knowledge on the classi-

fication of the data (whether it is dip or strike direction type). The new inversion method

forms the next step in the implementation of the 3D CGWI procedure. The measurement

system meets the requirements of the 3D inversion procedure from the point of view that

the 3D structure is measured along several directions. The joint inversion of data sets

measured along the same profiles in different directions allows for making the 3D inter-

pretation with adequate accuracy. The information contents of strike and dip direction

measurements are aggregated in the 3D inversion procedure. Since the information

matrices of data sets measured along several directions may differ from each other, this

sort of linkage corresponds to a joint inversion process. However, the inversion result for

the 3D model is as approximate as that of the 1.5D procedure for the 2D structure. The

novelty of the new inversion method compared to 2.5D CGWI is the application of

Steiner’s weights (Steiner 1988, 1991, 1997), which allows for reducing the effect of

outlying data in the 3D inversion procedure. The noise rejection capability of the robust

MFV method was also shown for an inversion-based Fourier transformation method

(Dobróka et al. 2016) and in statistical processing of well-logging data sets (Szabó and

Balogh 2016). By using a combination of 2D and 3D synthetic models, Gyulai and Tolnai

(2012) demonstrated that the 3D structure can be built up from 2D structural elements with

higher accuracy. An exact series expansion-based 3D inversion method can be imple-

mented by using bivariate (e.g., harmonic) basis functions. A part of this methodology,

namely the bivariate series expansion, was previously used in gravity inversion by

Dobróka and Völgyesi (2008).

The core of the inversion method is the application of Steiner’s weights. According to

Menke (1984), the normal equation of the weighted least squares method is
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GTWGp ¼ GTWq; ð9Þ

where G denotes the Jacobi’s matrix, W is the weighting matrix, p is the (unknown) model

vector and q is the vector of observed (input) data. The inversion algorithm using Steiner’s

weights has been applied successfully by Dobróka et al. (1991). The weighting matrix is

calculated in an iterative procedure by using the most frequent value (MFV) method

Wij ¼
e2
lþ1

e2
lþ1 þ y2

j

 !
if i ¼ j

0 otherwise

8
><

>:
; ð10Þ

where yj is the jth residual and the dihesion (Steiner’s scale factor)

e2
lþ1 ¼ 3

PN
j¼1

y2
i

e2
l
þy2

jPN
j¼1

1
e2
l

� y2
j

; ð11Þ

is obtained from the value of el
2 estimated in the previous iteration step (Steiner 1988). The

initial value of e0 can be chosen as

e0 �
ffiffiffi
3

p

2
ymax � yminð Þ: ð12Þ

By using the above weighting process, the outlying data are inverted with minimal amount

of importance. As a result, they bear relatively small influence on the estimation result. The

application of the Steiner’s weighting process opens the door to solving the 3D inverse

problem with an approximate 2.5D CGWI method. The question arises as to how one can

avoid the mixing of dip and strike types of data along a profile (even in the same mea-

surement direction) caused by the changing of the elongation directions of 3D structural

elements. Unfortunately, which datum belongs more to dip direction than to strike direc-

tion is not known. The problem could be solved with the joint inversion of the dip and

strike profiles. One must trust the separation of data to the special algorithm of Steiner.

Gyulai and Tolnai (2012) showed that this solution may significantly improve the accuracy

and reliability of the inversion processing of mixed data sets in the case of synthetic

geoelectric models.

3 Application of 2.5D CGWI Method Using Field Data

3.1 Study Area and Geological Setting

The investigation site is located near the town of Szerencs, North-East Hungary (Kiss

2007). The measurement area was set out after a detailed analysis of airborne magnetic

maps (data source: Geological and Geophysical Institute of Hungary) and data sets (data

sources: National Institute for Environment and Geoservice Ltd) acquired from neigh-

boring boreholes (Sz}ucs et al. 2013).

In the area, the aquifers are represented by rocks of volcanic origin (Székely et al.

2015). Hydroquarzite zones are formed by hot water flow through the fractures and fissures

of the rhyolite, which are responsible for the up-flow of thermal water. At the northern part

of the site, in the shallow region (from a spring in Bekecs), farther south at a depth of
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approximately 200 m, warm (thermal) water is drawn from two or three wells. The

uppermost 50- to 100-m-thick shaly complex with 10–15 X resistivity does not contain any

permeable zone. The underlying rock is a weathered ashy sediment of shallow-water

origin, the argillization of which prevents it from carrying thermal water. Toward the

south, the fissured rhyolite deepens into the subsurface along fractured zones, where the

thin hydroquarzite formations form aquiferous horizons. From the point of view of the

geophysical exploration, it is assumed that a few 100 m away, southward, there are

fractured volcanic (hydroquarzite) zones at a depth of at least 400 m, from which thermal

water can be extracted at a temperature of 30 �C at the lowest estimate. The difficulty of

this task is that the hydroquarzite zones of these depths cannot be detected directly by

geoelectric methods. However, it is possible to investigate vent rocks, faults and fractures

where thermal water up-flow can be expected.

The geophysical survey included traditional VES measurements the data of which were

processed by quality-checked 2D CGI and/or 2.5D CGWI (approximate 3D) inversion

methods. In first step of the 2.5D CGWI procedure, the 1.5D inversion approximation is

applied. According to the inversion strategy, several attempts have been made for the

estimation of the number of expansion coefficients using the quantities d and F (Gyulai

et al. 2010). This phase includes 20 fast iterations. The resultant model obtained by the

1.5D inversion process is treated as an initial model of the 2.5D CGWI procedure. The

latter comprised a further 10–15 iteration steps. Similarly, the 2D CGI of dip and strike

data was earlier performed in two phases. This is not necessary for the 2.5D CGWI, but it

is done for making a comparison between the inversion methods.

The location map of the thermal water prospecting site including the installed VES

stations and producing wells is shown in Fig. 2a. The VES stations used for the areal

survey were allocated with non-uniform spacing. Profile-0 defined by VES stations 1, 11,

14, 17 and 20 was designed for the characterization of the geological environment of the

neighboring water wells including a dry well (with a bottom of 600 m) in the vicinity of

station 20. Profile-I, referred to as a basic section, was constituted by VES stations 1–10,

established for the exploration of fault and fracture zones. The anomalous zones in the

west–east direction were detected by the measurements made along Profile-III including

VES stations 6, 12, 15, 18 and 21 and Profile-II including VES stations 10, 13, 16, 19 and

22. To the north of VES station 18, there were two additional VES measurements made (2/

6, 2/7) after the quick-look interpretation.

The vertical geological section including the producing wells drilled in the survey area

is shown in Fig. 2b. This section provides information also on the traversed layers, the

depth of the aquifers and other well test data. The depth of the deepest borehole (K-53) is

approximately 600 m, from which it was not possible to produce thermal water.

3.2 Interpretation of Geoelectric Measurements

3.2.1 Measurement Data and Their 1D Inversion Evaluation of the VES Stations
Denoted as Reference (REF)

The names of the VES stations denoted as reference (REF) stations were used in the very

beginning of the investigation. For making a pilot survey, the VES profiles indicated by

REF were planned next to the thermal wells operated for different purposes (REF1 located

around wells B-3 and B-4, VES station 2 in the vicinity of well B-55 and REF3 not so far

away from well CS-3). Since station REF2 is situated above a fault zone, the VES station 2

installed in the vicinity of well K-60 would have been preferably called REF2 in the
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knowledge of the VES curve of station REF2. Because of the architecture, VES station REF3

could only be located 150–200 m farther from well CS-3. The VES curves denoted by REF

and their 1D interpretations are shown in Fig. 3 and Table 1, where the aquifer is indicated

with relatively high resistivities. The aquifer zone including warm water can be detected by

the qualitative interpretation of the VES curves and the layer sequences of the wells. The VES

data observed at station REF1 show a good agreement with the depth of the hydroquartzite

aquifer inferred from wells B-3 (33–41.5 m) and B-4 (37.3–60.3 m). REF2 is a typical VES

station established on the top of a fault zone, which is clearly shown in Fig. 3. The presence of

the aquifer at the depth of 180–190 m estimated by the 2.5D CGWI of data measured along

Profile-I as part of the VES station 2 situated in the neighborhood of well K-60 is confirmed by

the results of drilling information on a producible layer at 180–204 m (Fig. 6). The

Fig. 2 a Location map of the thermal water prospecting site in Szerencs b Vertical section of the geological
setting in Szerencs
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overburden is a low resistivity (around 5 X m) clayey zone without lateral movement of

water. The aquifer is indicated with higher apparent resistivities in the VES curve. After

completing the measurement and interpretation of VES stations named REF, the survey area

was shifted southward by several 100 m. Because of the actual geothermic gradient, we

assumed an investigation depth of 400 m.

3.2.2 Inversion Results of the Profile-I

Consider first the interpretation of Profile-I. Apparent resistivity data measured at VES

stations 1–10 were plotted in double-logarithmic scale (Fig. 4).

Since the shapes of the sounding curves are fairly similar, the apparent resistivities of

the layers are assumed to be hardly changed along the lateral direction. The single (1D)

inversion of some apparent resistivity curves provides unreliable inversion results. The

apparent resistivity pseudosection of Profile-I infers good structural variations in Fig. 5.

Figure 5 shows a qualitative picture of the geological situation along Profile-I, which is

worth comparing with the results of the 2.5D CGWI procedure (Fig. 6). This is the reason

of showing the apparent resistivity pseudosection beside the inversion result.

In Fig. 5, the coordinates of AB/4 are identified as vertical depth. The shape of the

15-X m-thickened isoline shows the depth variation of the surface of the high-resistivity

(rhyolite) basement (i.e., in the vicinity of VES station 2, the depth of the hydroquarzite-

bearing rhyolitic tuff is around 200 m), which can reach a depth of 400 m in several segments

of the profile. For instance, this is well marked at VES station 10. On the other hand, the depth

of the hydroquarzitic rhyolite tuff is around 200 m in a nearby producing well in the vicinity

of VES station 2. It can be seen even without inverse modeling that the dynamics of the lateral

depth variation are significant, which meets our earlier expectations.

The occurrence of rift volcanism is inferred from the result of 2.5D CGWI procedure

between VES stations 5–6 and 9–10, where the rift valley is filled with several 100-m-thick

Fig. 3 REF1, REF2, REF3 VES curves

Table 1 Results of 1D inversion of REF1, REF2, REF3 VES stations

VES
station

First layer
thickness
(m)

Second
layer
thickness
(m)

Third
layer
thickness
(m)

First layer
resistivity
(X m)

Second layer
resistivity
(X m)

Third layer
resistivity
(X m)

Fourth layer
resistivity
(X m)

h1 h2 h3 q1 q2 q3 q4

REF1 1.3 11.2 63.2 55.2 14.1 48.9 102

REF2 Fracture zone

REF3 1.3 2.9 101.4 34.3 8.2 4.5 50
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weathered tuff of 5–6 X m resistivity (Fig. 6; Table 2). The up-flow of thermal water is

expected on both sides of the rifts.

The estimated parameters and their measurement units are resistivity qi (X m) and layer

thicknesses hi (m). As Gyulai et al. (2010) defined, d is the normalized data distance, F is

the mean estimation error, S is the correlation average and rkm is the estimation error

(within brackets). The relatively high F value is related to the high estimation errors of

Fig. 4 Apparent resistivity curves measured at VES stations 1–10 along Profile-I by Schlumberger array

Fig. 5 Apparent resistivity pseudosection along Profile-I

Fig. 6 Resistivity section estimated by 2.5D CGWI method along Profile-I
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resistivities. One by one rkm summarized in F and the correlation norm S are very

important for evaluating the reliability of inversion estimates (note that values of rkm and

F are defined for the layer parameters, while S values are for the coefficients).

Table 3 compares the results of the different inversion methods investigated. It shows

the numerical results of different inversion procedures, where 1D shows the result of 1D

single inversion, 2D CGI dip gives the result of 2D CGI along dip direction, 2D CGI strike

is the result of 2D CGI along strike direction and 2.5D CGWI is the result of 2.5D CGWI.

Parameter Y� is the mean estimation error of H = h1 ? h2 ? h3 ? h4 referring to a given

VES station (H denotes the depth of the hydroquarzitic rhyolite tuff)

Y� ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiPN
n¼1 r

2
nM

N

s

; ð13Þ

where N is the number of layers, M is the number of model (VES station) and Y�
n is the

estimation error normalized to layer thicknesses referring to a given VES station

Y�
n ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiPN
n¼1 r

2
nMhnPN

n¼1 hn

s

; ð14Þ

where N is the number of layers and M is the number of the model.

It is worth mentioning that values of Y�
n and Y� greater than 100% do not quantify the

estimation error, but only qualify the estimation’s uncertainty. The deviation between the

depths estimated separately by the 1D and 2.5D CGWI methods is not nearly as high as

that shown by parameters Y�
n and Y�. This phenomenon is well known in quality-checked

inversion, since derivation is the point feature of layer parameters.

The above analysis of the depth estimation is further analyzed in the ‘‘Appendix’’ (see

Figs. 17, 18).

Table 3 Results of different investigated inversions for the Profile-I

VES
stations

1D 2D CGI (dip) 2D CGI (strike) 2.5D CGWI

H (m) Y�
n

(%)

Y�

(%)

H (m) Y�
n

(%)

Y�

(%)

H (m) Y�
n

(%)

Y�

(%)

H (m) Y�
n

(%)

Y�

(%)

1 190** 980 940 211 13 56 287** 40 72 228 2 6

2 177* 1136 1061 189 26 105 196 22 180 198 4 18

3 211* 1409 1161 173 9 65 160* 11 27 185 2 7

4 196 260 208 219 3 20 185 10 19 193 1 5

5 320** 352 210 529** 12 130 547** 8 61 434 2 26

6 306** 28 86 336** 10 75 505* 9 276 395 1 13

7 460** 32 54 317* 6 61 309** 6 272 373 1 14

8 256 62 50 240 14 18 217 10 30 233 1 8

9 452** 55 35 312 7 36 218** 4 25 307 1 10

10 509** 24 56 448* 8 87 532** 4 78 389 1 5

* Indicates those depths where the above misfit is higher than 10%

** Indicates those inversion derived depths, which shows a deviation higher than 20% compared to depths
estimated by 2.5D CGWI inversion
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2.5D CGWI is the result of the 3D approximate CGWI, which is a 2D CGI joint

inversion procedure using the data sets measured in both dip and strike directions and

Steiner weights.

It is shown that the standard deviation of depths increases for 2D CGI (dip) inversion

compared to 2.5D CGWI, as the former has more values that are outlying. The standard

deviation is even higher for 2D CGI (strike) inversion, and it is the greatest for 1D single

inversion. It is also demonstrated that the value ofY� is normally higher than that of Y�
n , which

is due to the slight increase in overall depth estimation caused by large errors in thin layers.

Similar functions describe the relation between the depths estimated by 2.5D CGWI and other

inversion methods. The highest standard deviation and lowest correlation coefficient are

shown by the result of 1D single inversion. The strongest correlation is between the results of

2.5D CGWI and 2D CGI (dip) inversion, which means that profile Profile-I basically shows a

dip structure combined with strike features. VES data sets inverted by the 2D CGI method

were collected along the dip direction. The 45-degree straight lines are promising for the

reliability of inversion, but the outliers refer to a complicated structure resulting in significant

uncertainty of the results of 2D CGI and especially 1D inversion.

The depth coordinates for the VES stations estimated by inversion are plotted in Fig. 7.

The results of different inversion methods can be compared by using spline interpolation

on the depth data.

Even if the use of splines creates a significant simplification for the Fourier expansion,

we can draw three important conclusions:

1. The sections show significant depth variations around VES stations 5, 6 and 10.

2. Around the major structural changes, the depth values estimated by inversion show

high scattering.

3. Despite the large differences between stations 5, 6 and 10, they all show major

structural variability. These depth variations can be interpreted as fracture zones in

hydroquarzitic tuff, above which a clayey decomposed tuff layer more than 100 m

thick is situated. These structural zones may represent the places of thermal water

Fig. 7 Depth values in different VES stations along Profile-I
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upwelling from which water could be exploited. North from the area presented in this

study, there are several wells drilled into the same structural zones that produce water

from a depth between 50 and 200 m.

3.2.3 Interpretation of Other Profiles (Profiles-0, II and III)

Figure 8 shows the apparent resistivity pseudosection made from the data of VES stations

situated along Profile-0, which can be used to relate to the inversion results.

The result of the 2.5D CGWI of Profile-0 is shown in Fig. 9, which shows that the depth

of the basement gradually decreases from 200 to 100 m between VES stations 1 and 20

northwards (from southwest to northeast direction) by traversing three or four faults. At

VES station 20, the boundary of the basement changes quite smoothly, which hardly

explains the drilling of an earlier (dry) 600-m prospecting well around this station.

The apparent resistivity pseudosection along Profile-II is presented in Fig. 10.

Fig. 8 Apparent resistivity pseudosection along Profile-0

Fig. 9 Resistivity section estimated by 2.5D CGWI method along Profile-0

Fig. 10 Apparent resistivity pseudosection along Profile-II
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The 2.5D CGWI results of Profile-II are plotted in Fig. 11, which shows a significant

change in the geological structure around VES station 15. Five VES stations along Profile-

II and III allow for the use of small number of expansion coefficients in the inversion

procedure. It may partly cause a relatively low resolution, and at the same time, the 400- to

450-m station distance is also too long to achieve better resolution.

The apparent resistivity pseudosection and the result of 2.5D CGWI along Profile-III are

presented in Figs. 12 and 13. The section refers to mainly a change in strike direction in the

vicinity of VES stations 16, 19 and 22. In addition to Profiles-0, I, II, III, two VESs were

also carried out in the vicinity of station 18. Since they could not be interpreted in any joint

inversion procedures, the processing of these measurements was made by single inversion

methods (VES stations 2/6 and 2/7). The results of single inversion were less accurate than

those of the 2.5D CGWI method. These measurements were useful for drawing apparent

resistivity maps for the regional interpretation. Because of the interpretation of sparse

measurements, the northern parts of the isoline maps represented in Figs. 14, 15 and 16

show relatively low resolution, but their southern parts imply the existence of structures

that could be of interest in planning where to drill a thermal water prospecting well. In this

area, there are vertical structures (i.e., rifts and fractures) of measurable sizes (200–250 m).

Fig. 11 Resistivity section estimated by 2.5D CGWI method along Profile-II

Fig. 12 Apparent resistivity pseudosection along Profile-III
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The cone-shaped structure with maximum depth of 200 m, shown in Fig. 16, is especially

interesting. It looks like a volcanic vent filled out with younger sediments.

As a result of the geophysical survey and interpretation, the structural zones between

VES stations 5–6 or VES stations 9–10 of Profile-I seem to be the most promising ones

Fig. 13 Resistivity section estimated by 2.5D CGWI method along Profile-III

Fig. 14 Iso-depth map of volcanic aquifer estimated by 2.5D CGWI method
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from the point of view of well location. Both of them have transversal east–west exten-

sions. The area situated above the vent structure (at depth 400–450 m) may or may not be

ideal for a prospecting well, although it was probably formed at the junction of transversal

structures—favorable for an intensive magmatic up-flow.

4 Conclusions

Geoelectric methods can be widely used in geologic, hydrogeologic and environmental

exploration. In this paper, the advantage of their practical use was highlighted. As a result

of our series expansion-based geoelectric inversion method development work, after 1.5D,

2D CGI and 2D CGI methods, a new inversion method was developed, which allowed for

the quality-checked determination of complicated (showing mixed features of 1D, 2D and

3D models) geological structures. This possibility has been proven by using synthetic

modeling and field examples. According to the opinion of the authors, the single (1D)

inversion method without using any quality information of the estimated model parameters

can be applied only with great uncertainty. They insist upon also proving that the repre-

sentation of measurement data in log–log scale and/or in the form of pseudosection may

greatly help the interpretation process. In the case of areal measurements, both station

offsets and profile distances must be harmonized with the depth of penetration to achieve

Fig. 15 Iso-thickness map of weathered ash rock estimated by 2.5D CGWI method
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an optimal resolution. The developed geoelectric (i.e., 1D, 2D CGI and 2.5D CGWI)

inversion methods allowed for the regional interpretation of VES data acquired in Szerencs

and then the determination of the possible locations of thermal water prospecting wells.
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Appendix

For further interpretation of the depth analysis discussed in Sect. 3.2.2, Figs. 17 and 18

show more information. Figure 17 represents the relations between the depth estimation

errors, while Fig. 18 shows the relations between the errors of depth parameter estimation.

Both figures show that despite the high deviation between the depths and errors estimated

by single 1D, 2D CGI (dip), 2D CGI (strike) and 2.5D CGWI procedures, there is a strong

Fig. 16 Iso-thickness map of sediments overlying the weathered ash rock, estimated by 2.5D CGWI
method
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Fig. 17 Depth estimation errors obtained by 1D, 2D CGI (dip), 2D CGI (strike) inversion methods
compared to that of 2.5D CGWI procedure

Fig. 18 Depth parameter errors obtained by 1D, 2D CGI (dip), 2D CGI (strike) inversion methods
compared to that of 2.5D CGWI procedure
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correlation between them, as shown by the high correlation coefficients (r). The deviation

in regression coefficients in Fig. 18 is calculated by

r� ¼
ffiffiffiffiffiffiffiffi
sq0d

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiPI

i¼1
H2

i

n

r � 100%; ð15Þ

where sq0d means the residual mean square of the layer thicknesses H (H = h1 ? h2 ?

h3 ? h4), i is the number of layers and n is the number of VES stations. (The above

quantity is not the same as the estimation error of inversion-derived model parameters.)

Not only relations between the depths but also those of the estimation errors are determined

for the 2D dip and 2D CGI procedures using VES data measured along dip direction. There

is an outstanding relation between the errors characterizing the quality of depth estimation

of the inversion methods. The errors are listed in Table 3 (Sect. 3.2.2). A linear relation

between the results of 2.5D CGWI and other inversion methods is observable here. For a

better representation, the values were plotted on a logarithmic scale on the ordinate axis,

which may bias the linear trend between the relevant variables. Values r (r = 0.76; 0.54;

0.82) refer to a function-like relationship (Fig. 17). We emphasize here the reliability of

the estimation results of 2.5D CGWI, even when this approximation causes considerable

bias.
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Blaschek R, Hördt A, Kemna A (2008) A new sensitivity-controlled focusing regularization scheme for the

inversion of induced polarization data based on the minimum gradient support. Geophysics 73:45–54
Bortoloza CA, Porsani ER, Almeida ER, Santos FAM (2011) 1D joint inversion of DC and TEM data for

hydrogeological applications. In: Near surface 17th EAGE European meeting of environmental and
engineering geophysics

Buvat S, Schamper C, Tabbagh A (2013) Approximate Threedimensional resistivity modelling using
Fourier analysis of layer resistivity in shallow soil studies. Geophys J Int 194:158–169

Coggon JA (1971) Electromagnetic and electrical modeling by the finite-element method. Geophysics
36:132–155

Dey A, Morrison HF (1979a) Resistivity modelling for arbitrarily shaped two dimensional structures.
Geophys Prospect 27:106–136

Dey A, Morrison HF (1979b) Resistivity modelling for arbitrarily shaped three dimensional structures.
Geophysics 44:753–780
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Gyulai Á, Szabó NP (2014) Geoenvironmental investigation by series expansion based geoelectric inversion
methodology. Front in Geosci 2(1):11–17
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Misiek R, Liebig A, Gyulai Á, Ormos T, Dobróka M, Dresen L (1997) A joint inversion algorithm to process

geoelectric and surface wave seismic data. Part II. Application. Geophys Prospect 45:65–85
Mufti IR (1976) Finite difference resistivity modelling for arbitrarily shaped two-dimensional structures.

Geophysics 46:1148–1163
Olainka AI, Weller A (1997) The inversion of geoelectrical data for hydrogeological application in crys-

talline basement areas of Nigeria. J Appl Geophys 37:103–115

Surv Geophys

123

Author's personal copy

http://www.geoelectrical.com
http://dx.doi.org/10.1111/j.1365-246X.2006.03011.x
http://dx.doi.org/10.1111/j.1365-246X.2006.03011.x


Sasaki Y (1994) 3D resistivity inversion using the finite-element method. Geophysics 57:1270–1281
Spitzer K (1995) A 3D finite difference algorithm for DC resistivity modelling using conjugate gradient

methods. Geophys J Int 123:902–914
Steiner F (1988) Most frequent value procedures. (short monograph). Geophys Trans 34:139–260
Steiner F (1991) The most frequent value. Introduction to a modern conception of statistics. Academic Press,

Budapest. ISBN 9630556871
Steiner F (1997) Optimum methods in statistics (English). Akadémiai Kiadó, Budapest. ISBN 963057439X
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