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FINITE ELEMENT DISPLACEMENT METHOD

I. PÁCZELT*

CAND. T E C H N . SCI.

[Manuscript received June  26, 1974]

Contact problem  of elastic co n tinua  subject to arbitrary  load and of a rb itra ry  
surface is a ra th e r in tricate  one, co n tac t dom ains no t being known a priori. Here, the 
continuum  is replaced by a bulk of e lem ents of finite degrees of freedom, the obtained  
elastic system serving as basis for the  solu tion  of the problem based on the principle 
of potential energy minimum. Because o f the unilateral relations between the bodies, 
the m athem atical programming can be discussed as a quadratic programming problem . 
Use of the K hun-T ucker conditions y ields a solution for the dual of this primal problem , 
much easier to establish and solve th a n  th e  original one. Friction and adherence be­
tween the bodies are considered as negligible, and displacements, deform ations to  be 
small.

In tro d u c tio n

W ith  the  a d v e n t and  g enera lization  o f com p u ters , e las tic ity  and  m a th e ­
m a tic a l m ethods easy  to  com puterize h a v e  been  developed , such as th e  m e th o d  
of f in ite  elem ents an d  various m e th o d s  o f m a th em atica l p rogram m ing .

In  spite  of th e  approx im ation  in v o lv e d  in  th e  com bined  ap p lica tio n  o f 
b o th  m ethods, its  p ra c tic a l significance m u s t n o t be u n d e re s tim a ted , since th e  
co m p lex ity  of m ech an ica l or a rc h ite c tu ra l s tru c tu re s , of various ty p es of lo ad  
p rac tica lly  p rev en ts  a n y  exact so lu tio n .

A p rac tica l sa tis fac to ry  solu tion  o f  th e  co n tac t problem  is possible b y  
d iscre tiz ing  th e  f in ite  elem ents acco rd in g  to  size and  k ind , and  ap p ly in g  th e  
so-called  cond ition  o f  th e  co n ta c t/se p a ra tio n  d iscussed in  item  1.2 .2 .2 .

A ccording to  th e  A u th o r’s know ledge, th e  first p u b lica tions on th e  m a th e ­
m a tica l p ro g ram m in g  o f con tact p ro b lem s d a te  back  to  1967. A n in te re s tin g , 
u n iv e rsa l, effic ien t m e th o d  has b een  suggested  b y  F r i e d m a n n , V. M. a n d  
T s c h e r n i n a , V. S. [ 1 ] ,  [2], i. e. cyclic i te ra t io n  based  on th e  g rad ien t m e th o d , 
to  ap p ro x im a te  th e  firs t-k in d  in te g ra l e q u a tio n -in eq u a lity  describ ing th e  
co n ta c t-se p ara tio n  phenom enon; a n d  th a t  w ith  a un iversal fo rm u la tio n , 
su itab le  for exam in in g  a wide range o f  s tru c tu re s . As an exam ple, so lu tio n  o f 
c o n ta c t problem s o f coax ia l cylinders a n d  rings, as well as o f a c ircu lar p la te  
u n d e r sym m etric  lo ad  an d  a W inkler ty p e  fo u n d a tio n  is described in [2].

T heoretical bases and  a concrete  so lu tio n  m ethod  for the  ca lcu la tio n  o f
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e lastica lly  an b ed d ed  s tru c tu re s  in v o lv in g  th e  m ethod  o f q u a d ra tic  p ro ­
g ram m in g  has b een  considered in th e  s ig n if ic a n t, p ioneering  w ork  b y  D u p u i s ,
G. an d  P r o b st , A. [3]; po ten tia l en erg y  o f th e  system  is m inim alized u n d e r 
th e  c o n s tra in t ex p ressin g  th e  cond itions o f th e  c o n tac t/sep a ra tio n  a t  a f in ite  
n u m b e r of p o in ts . T h e  elastic s tra in  en e rg y  o f th e  fo u n d a tio n  and  th e  beam  
c o n ta c tin g  is a p p ro x im a te d  by the  m e th o d  o f differences.

F o r th e  sake  o f com pleteness, le t  us m en tio n  references [4] to [7] co n ­
cern ing  th e  th e o re tic a l an d  p rac tica l p ro b lem s o f u n ila te ra l re la tio n s occu rring  
a t  s tru c tu re  su p p o rts  although th ese  do n o t s tr ic tly  belong to  th e  scope o f 
th is  s tu d y .

Thesis [8 ] suggests  developping id eas  in  [2] p e rm ittin g  th e  co n sid e ra tio n , 
in  ad d itio n  to  r ig id -b o d y  d isp lacem en ts, also of an g u la r ro ta tio n  be tw een  
solids, w h a t is m ore, a subsequen t p a p e r  [9] accep ts in  ad d itio n  to  c o n ta c t 
forces, in te rn a l forces developing a t  s t ru c tu ra l  jo in ts  (e. g. of shells, p la tes) 
as unknow ns.

[10] and  [ I I ]  are  concerned w ith  th e  c o n ta c t p rob lem  of a d v an c in g  
bodies by  m eans o f th e  m ethod  o f q u a d ra tic  p rog ram m ing  assum ing  th a t  
w ith in  the p roposed  zone of the c o n ta c t, th e  system  of (o th e r th a n  c o n ta c t)  
forces ac ting  on th e  bodies causes no d isp lacem en t, an d  th a t  th e  re la tiv e  rig id  
b o d y  tra n s la tio n  b e tw een  the  bodies can  o n ly  be positive, i. e. an ap p ro ach . 
So lu tions in  [1] a n d  [9] are ex em p t fro m  th ese  restric tio n s.

T he p rob lem  o f co n tac t be tw een  th e  beam  or p la te  an d  a W in k le r- ty p e  
fo u n d a tio n  is so lved  in  [12] and [13], so as to  m inim ize th e  p o te n tia l en erg y  
b y  th e  co n stan ts  in v o lv ed  in the  series ex p an sio n  of th e  deflec tion  fu n c tio n s , 
k eep ing  in m ind  th e  conditions of th e  c o n ta c t  sep a ra tio n ; th e  so lu tion  is o b ­
ta in e d  b y  q u a d ra tic  program m ing.

A sim ilar co n cep t is encoun tered  in  [11] for th e  so lu tion  of th e  c o n ta c t 
be tw een  a sy m m etrica lly  loaded c ircu la r p la te  an d  the elastic  sem i-space.

Several w orks b y  (Io n w a y , H . D . a n d  E n g e l , P. A. have  been  concerned  
w ith  c o n ta c t p rob lem s in cold rolling. A m ong  th em , [15] analyses th e  c o n ta c t 
b e tw een  th e  s tif f  cy lin d er and th e  e la stic  la y e r ; th e  co n ta c t sep a ra tio n  co n d i­
tio n  is checked a t  a f in ite  num ber o f p o in ts ; step-w ise load  in c rem en ts  are  
de te rm in ed  by  in v o lv in g  ever m ore p o in ts  in  th e  co n tac t. T he algebraic  e q u a ­
tio n -in eq u a lity  sy s tem  expressing th e  c o n ta c t sep a ra tio n  is essen tia lly  th e  
sam e as th a t  for th e  ap p ro x im ate  so lu tio n  of th e  F redho lm  in teg ra l e q u a tio n  
in e q u a lity  en co u n te red  on se tting  up  th is  p rob lem . In  th is  re la tio n  i t  is a ffin e  
t o t h a t  b y  F r i e d m a n n , У. M., T s c h e r n i n a , V. S., w hile so lu tion  steps of th e  a l­
g eb ra ic  eq u a tio n  in e q u a lity  system  are q u ite  d ifferen t. A n o th e r p ap e r b y  th e m  
[16] also reckons w ith  the effect o f fr ic tio n .

Along w ith  th e  popu lariza tio n  o f  th e  fin ite  elem ent m ethod , severa l 
p ap ers  were p u b lish ed  on the  ca lcu la tio n  o f various elastic  su p p o rts  ([17 ], 
[18], [19]), considering the connection between the bodies as bilateral.
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Fig. 1. The problem is to find the real contact dom ain Q p betw een bodies 1 and 2, displacem ent 
vector field and stress s ta te  of the bodies

Fig. 2. Geometry conditions of con tac t separation:

for w — и /1) -f- h =  0 contact,
for -j- h >  0 separation (gap)

A q u ite  d ifferen t ap p ro ach  is e n c o u n te re d  in  [27], also ta k in g  th e  Cou­
lom b fric tio n  betw een  th e  bodies in to  a c c o u n t; se p a ra tio n  and  c o n ta c t dom ains 
can be dete rm in ed  by  g rad u a lly  increasing  th e  load  and solving th e  prob lem  
step-w ise. C onvergency o f th e  m ethod  is , how ever, questionab le .

12 0 ] p resen ts a c o n ta c t p roblem  b e tw een  a rig id  sphere an d  an  ideally  
p la s tic  sem i-space.

Slide w ays of too l m achines are a n a ly sed  by  th e  fin ite  e lem ent m eth o d  
in [2 1 ], m ak ing  use of th e  em pirical re la tio n sh ip  betw een  deflec tion  and  p res­
sure , d epend ing  on th e  design, to  d e te rm in e  th e  c o n ta c t p ressure. T he m eth o d  
suggested  in  th is  s tu d y  e lim inates th e  em p irica l re la tionsh ip .

A fte r  th is  sh o rt su rv ey  of l ite ra tu re  w ith  no claim  to  com pleteness 
le t us consider th e  c o n ta c t p roblem  itse lf.
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F or th e  sake o f  s im p lic ity , le t us assum e th a t  th e  elastic  system  consists  
o f tw o  bodies, w ith  no re s tr ic tio n  fo r th e  g en e ra lity  o f th e  problem , a t  th e  sam e 
tim e  fac ilita tin g  to  expose, set o u t an d  sim p ly  t r e a t  p ecu liar p rob lem s o f 
c o n ta c t.

L et the  bodies in  F ig . 1 be d en o ted  b y  t = 1, 2; assignm ent of an y  m ag n i­
tu d e  will be in d ica ted  b y  th e  su p e rsc rip t in  pa ren th eses . B ody  surfaces w ill 
be sep ara ted  in to  th re e  dom ains:

A ^  — b o d y  su rface p a r t  b ea rin g  a g iven  surface load ;
A — body  su rface p a r t  w ith  g iven d isp lacem en ts (k inem atic  b o u n d a ry  

cond itions);
proposed zone of c o n ta c t;

A «  =  A f  +  A®  +  Q (l) bo d y  surface.
C oupling each  tw o po in ts  o f b o d y  surfaces in to  dom ain  th e ir  d isp lace ­

m en ts  or a co m p o n en t in som e d irec tio n  e. g. n o rm ally  will be rep re sen ted  
in course of th e  d e fo rm a tio n 1 (F ig . 2.).

C orrelation  betw een  p o in ts  in  dom ains Í3*1’ an d  ű l2> being se ttle d , in  
th e  following th e  su p e rsc rip t will be o m itted , w ritin g  Q  alone.

U n ila te ra l re la tio n s  betw een  bodies im plies th a t  for a d ifference

n(1*r(u)2̂  u«1» -)- hr) =  ujM — j</2) -j- Д == y  0 , ( 1)

betw een  th e  p ro jec tio n s of th e  d isp lacem en t v ec to rs2 u[r> o f po in ts  in  dom ain  Q  
in a given d irec tion  (e. g. th e  o u te r  no rm al of bo d y  1 a t po in t (),) separation  
occurs, th a t  is, th e  c o n ta c t force is zero, p  =  0 , an d  for

- u<r1* +  hr) =  n /2* — -f- h =  y  — 0 , (2 )

th e  body  p o in t couples co n tac t each  o th e r, hence p  >  0. L et th e  sep a ra tio n  
gap  dom ain  be d en o ted  b y  x £ Ü 0, th e  c o n ta c t dom ain  b y  x £ Ű p, an d  be Q  =  
=  Í20 +  Í2p, w here x  is a trid im en sio n a l co -o rd in a te  in  sp a tia l p rob lem s, 
a tw o-d im ensional one for p la n a r p rob lem s, an d  a lin ea r one fo r s ing le -variab le  
prob lem s; n '1*' is th e  o u te r n o rm al of body  1 ; u{p  th e  d isp lacem en t v e c to r  
of b o d y  t; and  hr th e  v ec to r o f th e  in itia l gap. B y  defin ition . tv{l) is th e  p ro je c ­
tion  of th e  d isp lacem en t of a p o in t in  dom ain  Q  in th e  in d ica ted  d irec tio n , 
fu rth e rm o re , dom ains Q a and  Q p a re  unknow n .

B ecause of th e  u n ila te ra l connections, for po in ts  in  dom ain  Q:

y p  0, x £  Q . (3)

1 The same hypothesis is encountered in classic solutions of rigid-punch semi-space 
semi-plane contact problems assuming small displacem ents (see e. g. in [22]).

2 Vectors and tensors w ith covariant or con travarian t components are denoted by su b ­
scripts and superscripts, as is usual. L atin  letters m ay assume values of 1,2,3 [22].
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ELASTIC CONTACT PROBLEMS 357

1. Solution of contact problems according to the 
principle of potential energy minimum

1.1 Setting the problem

To solve th e  co n tac t problem , th e  d isp lacem en t vecto r fie ld  o f bod ies 
belong ing  to  th e  e la stic  system  w ill be a p p ro x im a ted  by  the  fin ite  e lem en t 
m e th o d , also ta k in g  th e  in te rac tio n  o f  bodies due to  u n ila te ra l co n n ec tio n s 
(c o n ta c t effect) in to  consideration , in  d e te rm in in g  th e  unknow n p a ra m e te rs . 
T his ap p ro x im a tio n  is especially a d v a n ta g e o u s  for bodies com plex in  fo rm , 
d ifficu lt to  c lam p, an d  subject to  co m b in ed  loads; inconven ien t, p ra c tic a lly  
im possib le  to  solve.

L e t us assum e a priori a b ila te ra l  connection  betw een the  bodies in  th e  
in d ica ted  d irec tion  nj.1*, th a t is:

■w^ - ic«1» -|-  h =  0, xÇ_Q. (4)

T he d isp lacem en t f ie ld  u[l) to be a p p ro x im a te d  is requ ired  to  m eet k in e m a tic  
b o u n d a ry  cond itions on surface A^jK T h en  th e  p o ten tia l energy of b o d y  t 
(for zero in itia l defo rm ation  and  s tre ss):

Я(0 =  1 Г  CWrs aktarsd V  Г f  usd V  {  p°0usd A , t =  1,2 (5)
2 J (v<<>) J (V11)) M ° )

w here vo lum e of body t ; A ^  its  su rface u n d er prescribed  su rface
tra c tio n  p s; Cklrs m a tr ix  of m a te r ia l c o n s tan ts ; ars -  s tra in  ten so r; qs — 
v o lu m etric  force in te n s ity  vector, ars =  C rskl akl stress tenso r acco rd in g  
to  H ooke’s law.

In tro d u c in g  fu n c tiona l

L x =  L t(u^l>, u f \  p) =  7r(2) +  J p(ic(1) ic® h)dA  (6 )

in  view  of ars =  [(« rv s) +  ( V rMs)]/2 , fo r sm all d isp lacem ents, in vo lv ing  th e  
H a m ilto n  d ifferen tia l opera to r J7S; a n d  C klrs =  Crskl, d isp lacem ent fie ld  i. e. 
s tre ss  rs in  p o in ts  o f dom ain Q  can  be sep a ra ted  in to  com ponen ts in
a given d irection  n ^ r and  norm ally  to  it , th e n , from  H ooke’s law  a n d  th e  
G auss O stro g rad sk v  in tegral tra n s fo rm a tio n  theo rem , th e  following co n c lu ­
sions o f th e  E u le r eq u a tio n s  belonging to  th e  s ta tio n a ry  value of th e  fu n c tio n a l 
(0L X =  0) are obv ious, assuming the relation to be bilateral:

1. th e  L am é equ ilib rium  e q u a tio n  in  te rm s  o f th e  d isp lacem ent v e c to r :

p ko W ( u<f>) +  q(t>1 =  0 , FM ;
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2 . fu lfilm en t o f  th e  dynam ic b o u n d a ry  cond ition :

n ( 0  a ( t ) r s  _  p S ^  x  £  ^ ( 0  .

3. fu lfilm en t o f  th e  su p p lem en ta ry  k in em a tic  b o u n d ary  co n d ition  (4) 
re la te d  to  b o th  b o d ies, arising from  th e ir  b ila te ra l re la tion ;

4. re la tio n sh ip  fo r th e  co n tac t force as an  in te rn a l force:

p  =  -  n«1* ^ 4 -  n W p  =  n W o<2>rs n f  ;

5. zero ta n g e n tia l  stresses from  n eg lec tin g  th e  fric tion  an d  adherence

T 0 ) =  j M )  a ( i ) r s  n P ) p  e
s p v

t<2 | =  n ?  J * *  n ™  e .

w here erst is th e  L ev i-C iv ita  tensor [22].
Change o f fu n c tio n a l (6):

A L X =  0 L X +  6 %  =  62ti +  [  Óp(divw  -  <W2)) dA  ,

since öL1 =  0, w hile  according to  д2л  0, n  =  л - f  is a p o te n tia l
energy  w ith  a m in im u m .

T ak ing  n o te  t h a t ,  because of (4), in  case of an  exact so lu tion

b i T« +  л'( 2 )
( ? )

T his re la tionsh ip  is a lso  valid  in case o f a u n ila te ra l re la tion  betw een  th e  bodies, 
hence, w here e q u a lity  (4) is replaced b y  in e q u a lity -e q u a lity  (1), (2) an d  ex p res­
sion (3). Since th e  u n ila te ra l re la tion  lead s to  p  f> 0, у  >  0, у  • p  =  0, th e  
p roblem  has to  be  developed so as to  p e rm it app lica tion  of m a th e m a tic a l 
p rog ram m ing  m e th o d s .

1.2. Treatment o f  the contact problem by 
quadratic program m ing

From  th e  m e n tio n e d  aspect, th e  p ro b lem  has to  be d iscre tized ; p a r tly , 
th e  d isp lacem en t v e c to r  field of the  bodies w ill be ap p ro x im ated  by a k in e m a ti­
cally  adm issib le d isp lacem en t field, an d  p a r t ly ,  the  in teg ra l value from  th e  
co n stra in t over th e  dom ain  Q  invo lved  in  th e  functional (see in (6 )) will 
be  so a p p ro x im a te d  th a t  it  appears as a f in ite  sum .
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1.2.1 Ass um pt i on  o f  the displacement field to be approximated

K in em atica lly  possible d isp lacem en t fields are req u ired  to  m eet th e  
k in e m a tic a l b o u n d a ry  cond itions on th e  surface A j- 1' an d  to  deliver th e  s tra in  
te n so r . The d isp lacem ent v ec to r fie ld  could also be ap p ro x im a ted  in  series 
form  accord ing  to  th e  R itz  m e th o d , b u t  because of th e  im p o r ta n t change of 
th e  s tre ss  tenzo r field a d jacen t to  th e  co n tac t dom ains, as well as th e  com pli­
c a te d  form  and  load of th e  bodies c o n s titu tin g  th e  elastic  system , it seem s m ore 
e x p e d ie n t to  app ly  th e  so-called co m p atib le  d isp lacem en t m odel of th e  fin ite  
e lem en t m e th o d 3 or of any  o th e r m odel expressing  the  p o ten tia l energy  of th e  
system  o b ta in ed  by  tran sfo rm in g  th e  fu n c tio n a l, to  be m in im ized  in te rm s of 
th e  generalized  nodal d isp lacem en t v ec to r, such as m odels of h y b rid  d isp lace­
m e n t, b y  P . T o n g  [24] and  b y  T. H . H . P ia n  [25] of h y b rid  str< *ss and  m ixed 
fields.

In  th e  com patib le  d isp lacem en t m odel of th e  fin ite  e lem ents m e th o d , 
th e  k in em a tica lly  adm issib le d isp lacem en t fie ld  is ap p ro x im a ted  b y  th e  e n tity  
of fu n c tio n s assum ed to  be elem ent-w ise [26]. L e t th e  d isp lacem en t fie ld  be4 
inside e lem ent e o b ta in ed  b y  sep era tin g  th e  bo d y  deno ted  b y  ие(ж), an d  its 
(generalized) nodal d isp lacem en ts b y  u e. In  te rm s of th e  assum ed ap p ro x im a ­
tio n  m a tr ix  A f x ) ,  th e  d isp lacem en t fie ld  inside th e  e lem ent is:

ue{x) =  A e(x) uL (8)

D en o tin g  vecto rs form ed of m em bers o f th e  s tra in  an d  stress ten so r by  ee(x) 
an d  Ge(x) resp ., and in  know ledge o f th e  d isp lacem en t field :

ee(x) =  D iT(.r) B‘ (.r) ue (9 )

w here D — d iffe ren tia l o p e ra to r m a tr ix , w hile m aking  use of H ooke’s law  
an d  assum ing  in itia l defo rm ations an d  stresses to  be zero,

a e(x) -  Ce ee{x) - - Ce W(x)  ue (10)

w here Ce — is th e  m a tr ix  of m a te ria l co n stan ts .
A pp ly ing  th e  com patib le  d isp lacem en t m odel, th e  assum ed ap p ro x im a ­

tio n  m a tr ix  A e(x) m u st y ield  s tra in  ce(x) =  0 if  th e  e lem ent perform s a rigid 
b o d y  m o tio n , fu r th e r , th e  tra n s itio n  from  one e lem ent to  th e  o th e r has to  
re sp e c t th e  d isp lacem ent c o n tin u ity  [26].

In tro d u c in g  th e  above m ag n itu d es in (5) yields th e  p o te n tia l energy  for 
e lem en t e:

K 'u ' qe/ u ( И )

3 Bases of the finite elem ent m ethod are assumed to be known.
4 M ultidimensional vectors and m atrices are m arked by bold letters, and their tran s­

position by the right superscripts T.
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w here

К" J ( 0  Вг’г (*) Ce Вс(ж) d V the  stiffness m a tr ix  of th e  e lem ent;

an d
4 e =  j (v,) A e’T( x )  qf( r ) d F  

Pe = |(a') A'’’r(*)P‘’(*) dA

generalized  nodal force v a l­
ues from  vo lu m etric  an d  
surface loads qf(*) and  
р е(*), resp ., and:

ч! = qe + pe
M aking  use of th e  id e n tity  of th e  generalized  d isp lacem en t v ec to r a t  id en tica lly  
m a rk e d  nodes o f a d ja c e n t e lem ents, p e rm ittin g  th e  p ro d u c tio n  o f p o te n tia l 
en erg y  for the  te s te d  bod y :

T(0 = й (0 ,Т  K (Q „ ( 0 Ù<'>-T ql'> , f 1,2 (12a)

w here :

u (,) — generalized  nodal d isp lacem en t v ec to r for body  i;
K.O — stiffness m a tr ix  (K /'l =  K ^ ’/ );
q ^  — generalized  nodal load  v ec to r from  ex te rn a l loads.

T he value of th e  d isp lacem en t v ec to r  field a t nodes on the  bo d y  surface 
x Ç A ^  being know n, ù (i> can be se p a ra te d  in to  tw o p a r ts , i. e. vecto rs w ith  
u n k n o w n  and  w ith  know n co m ponen ts: u ^ '7 =  [u^),T tT(),/]; an d  so can
be q(f>: q « - r  =  [q<(>'T q « 'T]. T hen :

t(0 = —  [u2
( t ) ,T  й (().Г K<'> K<'2>- u(,)l

K (i> K(?

----1
Ts

__
1

„(0 ,т й (0,Т] f>-
,<f)

an d  a f te r  perfo rm ing  th e  o p era tio n s, and  ta k in g  in to  considera tion  th a t  in 
ii,,) th e  only  unknow n  is u (,), for th e  fu n c tio n a l to  be c o n stru c ted , л m ay  be 
sim p ly  u n d ersto o d  as:

=  2 U<0,T К " )и<0 u (,,'T q(0 =  n (,) const (12b)

w here
q(,) q(i) — û (i) — generalized  nodal load v ec to r from  th e  know n

ex te rn a l load system  and  th e  d isp lacem en t 
v ec to r u (,).
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1.2.2 Discretization o f  the constraint

L et us a p p ro x im a te  th e  in teg ra l value in fu n c tio n a l L t :

1.2.2.1 C hecking c o n ta c t/se p a ra tio n  in d iscrete  p o in ts :

 ̂ p(w(1) — w/2) — h) d A  =  j" p(x)(u}<~1\ x )  - -  h{x))dA ad

^  2 [P(x i) ЛАА (w(1)(*í) -  v f» \x , )  -  h ( x f )  =
1 =  1

=  i ’ P ,( ic p ) w f^  h ) =  V P j . (13)
i - l  I—1

in tro d u c in g  n o ta tio n s

P t  =  p(Xi) A A t >  0 ,  w(f){xi) =  w (‘\  t =  1 ,2 ,

y  I =  U ’f *  —  w \l) +  h, >  0  ;

n o n -n eg a tiv ity  o f P , an d  y t follows from  th e  u n ila te ra l re la tions (see in (1) 
th ro u g h  (3)).

In te g ra l a p p ro x im a tio n  can be m echan ically  in te rp re te d  as follow s: 
dom ain  Q is sep a ra te d  in to  к f in ite  sm all p a r ts  A A t, th e  c o n ta c t force d is tr ib u te d  
over th em  is rep laced  b y  its  “ re s u lta n t”  P , realized  a t  an  inner p o in t (e. g. 
cen ter) of th e  g iven  d o m ain  p a r t  A A t, and  o th e r te rm s  o f th e  in teg ran d  are  
ca lcu la ted  a t th e se  in n e r p o in ts .

T hereby  th e  c o n ta c t sep a ra tio n  cond ition  is checked  a t  к po in ts. In c rease  
of к  an d  a m ore e x a c t ca lcu la tio n  o f in teg ra l (13) m eans th e  increase in accu racy  
b y  solving th e  c o n ta c t p rob lem .

In tro d u c in g  th e  r e s u lta n t  v ec to r of th e  c o n ta c t su rface  stress

VT =  [P15 P 2 . . • , P k] >  0 (14)

an d  vecto rs of size (1 xk)

w l')’T =  [м/Д w(f ,  . . , м Д ], t =  1,2 (15)

h T =  [hlf h2, . . . , hk] ,  (16)

f T =  ЬТ>У2> • • • ’ Ук\ ^  0 (17)

co n stru c tio n  of a co rresp o n d in g  p e rm u tin g  m a tr ix  m a y  yield :

w (,) =  G(,) u (,), t =  1,2 (18)

hence, in view  of (3), th e  c o n s tra in t (13) m ay  be w ritte n  m ore concisely:

[  p{wW -  1C(2) -  h) dA  =  pT[G(1) u<!> -  G(2> u (2> -  h ] , (19a)

p ' у  =  0; p >  0; у  >  0. (19b, c, d)
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1.2 .2 .2  Checking c o n ta c t/se p a ra tio n  in  sm all fin ite  sections

T h e  previous a p p ro x im a tio n  is v a lid  for a d isp lacem ent fie ld  inside the  
e le m e n t, considered as v a ry in g , accord ing  to  a linear law . N ow , th e  stress 
s ta te  o f th e  elem ent is c o n s ta n t (in a sp a tia l case it is a te tra h e d ro n  of 12 
degress of freedom , in p lan e  prob lem s trian g le s  of 6 degrees o f freedom ), i. e., 
th e  generalized  nodal fo rce  due to  c o n ta c t force p  considered  as co n stan t 
b ecom es a concen tra ted  force (re su lta n t)  o f d irection

In  cases w here th e  se lec ted  e lem ent ty p e  app rox im ates th e  d isp lacem ent 
f ie ld  inside the  elem ent b y  po lynom ials h ig h er th a n  of firs t degree, th e  g enera l­
ized  n o d a l force due to  th e  c o n ta c t force developed on th e  e lem en t surface 
in  d o m a in  Q  can only be ca lcu la ted  from  th e  relationsh ip

P‘ =  J ( a «) A e7 (x) pe(x) dA  .

T h e  in itia lly  unknow n c o n ta c t force p e(x) c an n o t be a p p ro x im a te d  b y  a p o ly ­
n o m ia l of higher degree th a n  th e  selected  e lem ent ty p e  is ab le  to  y ield . I f  th is  
fac t is respested , our ca lcu la tio n  will com ply  w ith  the  re la tio n sh ip  for “ the 
c o n ta c t  force as in te rn a l fo rce”  belonging  to  th e  s ta tio n a ry  v a lu e  of th e  fu n c­
tio n a l _L,.

T hree  points of v iew  su p p o rt th e  use o f elem ent ty p es  delivering  a n o n ­
c o n s ta n t  stress field inside  th e  e lem en t, v iz .:

1. according to  c o m p u ta tio n a l experience, apply ing  th e  e lem ent ty p e  of 
m ore  degrees of freedom  fo r ap p ro x im a tin g  th e  stress s ta te  a t  th e  sam e accu racy  
lead s  to  fa r less unknow ns in  th e  fin a l se t o f equations th a n  fo r th e  sim pler 
e lem en ts ;

2. stress s ta te  a p p ro x im a tio n  is im p ro v ed , a m ajo r re q u ire m e n t espe­
c ia lly  n ea r dom ain f i;

3. no t too sm all e lem en ts  have to  be h an d led  near th e  do m ain  Ü,  e ither.
A ssum ing the  a p p ro x im a tio n  m a trices  A (-t\ x )  (row vec to rs) to  be p ro ­

d u ced  b y  using m atrices Аг(л:) fo r a p p ro x im a tin g  d isp lacem ents w(t\ x )  (t =  1,2) 
a lo n g  th e  ind icated  d irec tio n  in dom ain  Q.  If the  generalized  d isp lacem ent 
v e c to r  is know n:

w(t\ x )  =  A ^ ( x )  u(,) =  A ^ ( x )  u(i) +  A ^ \ x )  û (d, xÇ_Q . (20)

T h e  in itia l gap can be w r it te n  b y  m eans o f vec to r h com posed of ap p ro x im a­
tio n  m a tr ix  L(.t) (row v ec to r) and  its  h  values a t  d iscrete p o in ts :

h(x) =  Ц х )  h . (21)

A ccordingly, th e  c o n ta c t force is ap p ro x im ated  in  th e  form :

p(x)  =  P T(.r) p, X Í Ü  (22)
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w here

Р т (лг) — ap p ro x im a tio n  m a tr ix  (row  vecto r) dep en d in g  on th e  e lem en t 
ty p e ;

p — a v ec to r p ro d u ced  from  th e  co n tac t su rface  stresses deve lop ­
ing a t a f in ite  n u m b er of po in ts  b u t n o t ab so lu te ly  e lem en t 
nodes [N /cin2].

Now :

| (n)p [ w «  -  гr<2> -  h] d.4 a t  pT[A(1)u(1) -  A<2> u<2> -  b ] , (23a)

w here

A(° =  J (0)P (*) A<0(*) d A ,  t -  1,2 (23b)

Р(лг) h(x)  d A  h -|-

+  J (0)P(*) A (2>(x) d A  u (2> —

- [  P(*) A<‘>(*) d A  ű (1>. (23c)
J  (ß)

In tro d u c in g  m agn itudes

A -  [A(1)
k x ( m  + n) (k x m )

U
( m  +  n ) x  1

. -  y (0) =  A u - b ^ 0  (24c)
(fcx 1)

p e rm its  th e  p ro d u c tio n  o f th e  c o n s tra in t in  th e  form :

— w ^  — h] dА  ш  p ; [A u b] 

p > 0 ,  y (0) ;>  0. pT y<°) =  0 .

1.2.3 Formulat ion o f  the quadratic programming problem 

1.2.3.1 P rim a l problem

C on stra in ts  o b ta in ed  b y  tra n sfo rm a tio n s  described  in  item s 1.2.2.1 
an d  1.2.2.2 w ere seen to  be fo rm ally  id en tica l b u t p h y sica lly , q u a lita tiv e ly

(25a) 

(251), c, d)

A '2>] ,
(k x n )

u*1) '
( m x l )

u<2> 
(nxl) .

(24a)

(24b)

ь  -  I
( f c x l )
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d iffe ren t. F u r th e r  co m p u ta tio n s  will be based  on c o n s tra in t expressed b y  
re la tio n sh ip s  (2 5 a—d) in  item  1.2.2.2 b u t  s ta te m e n ts  a re  also valid  fo r con­
s t r a in t  in 1.2.2.1.

Solu tion  o f th e  ex am in ed  c o n ta c t p rob lem  w as p ro v e d  in item  1.1 to  
be p ro v id ed  for b y  th e  s ta tio n a ry  p o sitio n  o f fu n c tio n a l L v  p rov ided  bodies 
are  b ila te ra lly  re la te d . B ecause o f th e  c o n s tra in t (25a—d) re su ltin g  from  u n ila t­
e ra l re la tio n s, and  o f th e  k in em atica lly  possib le d isp lacem en t field ap p ro x i­
m a te d  b y  th e  fin ite  e lem en t m ethod , th e  fu n c tio n a l is m od ified , th a t  is, a p p ly ­
ing  (12b), (24a, b) an d  (25a), th e  in itia l L x is rep laced  b y  L 2:

L i  =  L ^ u ^ ,  u f \ p )  - + L 2 =  L 2 (u 0 )  u (2 ) p)>
t h a t  is

=  _L ru(l>.T U(*),T] 
2

K® 0 ‘u® ‘
0 K®_ u®

+  pT([A(1> I -  A®] [u® J ’

[ u (i).'r U ®  ,T ] +
(26)

or, m ore concisely:

L 2 =  L Á U - P) =  ~ ,,Г K u ~  l,i 4 +  РГ(А u b) — tt( u ) +  pr  y(0), (27) 

w here

К  =
К® 0 
0 K® • 4 = (28a, b)

P  >  0  ,  y<°> >  0 ,  p r  y<°>  =  0 . (29a, b, c)

A ssum ing a rig id -body-like  re la tiv e  d isp lacem en t be tw een  solids to  be 
possib le , m a trix  К  is po sitiv e  sem idefin ite  ( x ^  К  x  0 ,  fo r x  O ) ,  th a t  is, 
p o te n tia l  energy :r(u) o f  th e  system  is a s tr ic tly  quasi-co n v ex  q u a d ra tic  fu n c ­
tio n  o f the  generalized  d isp lacem en t v ec to r  u.

T h ereby , th e  c o n ta c t p roblem  could be reduced  to  th e  follow ing q u a d ra tic  
p ro g ram m in g  p rob lem :

m in К  u — u 7 q A u b ^ O (30)

(27) can be considered  as -a L agrange fu n c tio n  o f p ro g ram m in g  p rob lem  (30).

1.2.3.2 D ual prob lem

T heory  of m a th e m a tic a l p rog ram m ing  has d e m o n s tra te d  th a t  th e  p rim a l 
p ro b lem  can be assigned  a dual p rob lem , an d  th a t  th e  ex istence  of so lu tion
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fo r one involves th a t  for th e  o th e r. O ften  — in ac tu a l c o m p u ta tio n s  — solu­
tio n  o f th e  dual p rob lem , follow ed b y  th e  d e te rm in a tio n  o f unknow ns in th e  
o rig inal problem , seem s m ore p ra c tic a l th a n  find ing  a d irec t so lu tion  for th e  
p rim a l problem .

In  th is  case, th e  d u a l p rob lem  belonging to  (30) can  he produced  by  
m ak in g  use of th e  K h u n —T u ck er th eo rem s of non -lin ear p ro g ram m in g  (see 
in  th e  A ppendix).

T he theorem  leads to  re la tio n sh ip s

2 =  K (1) u(1) q(D +  A W  p =  0 , 
au'1) 4 p

. (31a)

(accord ing  to (A .8) w here x u<f), t =  1,2)

fu r th e r :

8 L 2 = K < 2>u<2> q ö )-  A<2>’T p =  0 ,  
8u«)

(31b)

=  A (1) u(1> -  Af2) и») —  b =  — y(0> <  0 
3p

(32a)

pr 8L2 _  pTy(0) __ 0 (32b)
8p

(accord ing  to  (A .7) w here u =  p).
A ssum ing bo d y  2 n o t p e rfo rm ing  rig id -body  m otion , d e t ^  0, th u s, 

from  (31b):

u<2> =  [K<2>] - 1 q<2> +  [K <2>] - 1 A(2),r P . (33)

B ody  1 can perfo rm  rig id -b o d y  m otion , hence, its  stiffness m a trix  is a 
sing u la r one, b u t  a n o n -sin g u la r q u a d ra tic  m a trix  of th e  size o f th e  original 
m a tr ix  lessened b y  th e  degrees o f freedom  of th e  rig id -body  m o tio n  can  alw ays 
be designated  to  it. A ssum ing m a tr ix  KU* in the  low er r ig h t co rn er of m a trix  
K (1) n o t to  be singu lar. (This is a lw ays possible b y  d u ly  rea rra n g in g  rows and  
colum ns.) P a rtitio n in g  E q . (31a) y ields:

Kfi> K-> 
K<\> Kg)

,« 1 «Й4

q'.Vj+
A)1)-7

A<I1I)'T
P =  o (34)

th u s , p a r tly

UÍV =  [ K ^ ] - 1 q<y [ K « ] - 1 A)V’r  p [ K ^ ] - 1 K g) u<>) (35)
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a n d  p a rtly , by  in tro d u c in g  m ag n itu d es :

D =  Kft) -  Kg>[K£>]-i K « ,  (36a)

GT =  A(1)>T -  Kft>[Kft>] (36b)

q =  q<1) - K < 112) [ K (212)] - V 1I> (36c)
y ie ld s:

D uft> -  q +  GT P =  0 ,  (37)

equ ilib riu m  e q u a tio n  o f  nodes belonging  to  v ec to r uft); D uft), —q and  GT p
b e in g  generalized fo rce  va lu es  tr a n s m itte d  from  th e  in te rn a l forces, from  th e  
k n o w n  ex te rn a l lo ad , a n d  from  c o n ta c t forces, re sp ec tiv e ly , to  th e  node, D 
b e in g  a positive sem id efin ite  m a tr ix 5.

Since u « -T =  [uft>*T juft>'T] ,
(1X m) l m—l

a p p ly in g  (35) yields

d 1)
- e (1) uft»

+
0 0 qft" 0

. - [ K g ) ]  Kft), 0 [K ft)]-1 . m . [Kft»] Aft[)’r ,
p , (38)

(E (1> — is a u n it m a tr ix  of size (Z X /)) and  from  (32a) ta k in g  (38) and  (33) 
in to  considera tion :

K >  -  Aft) [Kft»]"1 Kft>] uft) +  [0 Aft> [K ft)]-1 ] q «  _

К Л к Г ^ а ' П р -  (39)
- A<2> [K (2)] -1  q<2> -  A<2) [K (2)] _1 p — b — — y(°)

Since Kft* =  K « ’T ta k in g  (36b) as well as m a trice s  an d  vectors

F (1) =  [0 I Aft) [K g )]" 1] ,  f (1) =  F (1) qd>,
( tx m )  (frx!) ( tx (m - l ) )  (/cxl) (ftXm)(mxl) (40a, b)

5 It can easily be demonstrated. K.6) being a positive semidefinite symmetric matrix, 
the inequality

holds. Be
0  < ;  u ^ T K «  u 0 )  =  u f t> 'T  K (1) u f t )  +  2 u W T  K f t )  u f t )  +  u g )  K f t )  u f t )

..(1)
U II -  [ K f t ) ] - 1 K f t )  u f t ) ,

then for symmetric Kb), for any uO);

0  <  u f t * '7  [ K f t *  - K f t *  [ K f t » ] " 1 K f t » ]  u f t )  =  = u f t ) - T  D  u f t )  .

Q.e.d.
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F<2) =  A(2) [K (2)] _1 , f <2)=  F (2> q(2), (40c, d)
( k x n )  ( n x n )  ( k x l )  ( k x n )  ( n x l )

t =  f<1)_ f (2 )  b
(40e)

(fcxi)

H (1> II g

1 4

(41a)(k x k ) [kx(m—/)] [{m — l)x (ш — /)] [(m-l)xk]

H (2) =  A (2) [K (2)] _1 A (2),T, (41b)
( k x k ) (kxn) (nxn) (nxk)

H =  H (1) +  H (2), (41c)

in to  considera tion , geom etrical e q u a tio n  in eq u a lity  (39) expressing  c o n ta c t 
sep a ra tio n  can be rep laced  by

and  from  (29c)
H p -  G u «  -  t  =  y<0) >  0 

PT y<0) = 0

(42a)

(42b)

H  b e ing  th e  re su lta n t “ influence coeffic ien t m a tr ix ” , t  th e  d isp lacem en t from  
know n loads and  th e  in itia l gap, a n d  G a m a tr ix  also involv ing  th e  s tru c tu re  
geo m etry .

E q u a tio n s  of equilib rium  (37) a n d  of geom etry  (42a) y ield  a h y p e rm a tr ix  
eq u a tio n

D Gr c 4 0
-  G H p tL J y<0).

M°
w here

c .(*) (44)

d e n o tin g  th e  u nknow n  beyond th e  c o n ta c t forces. M atrix  M° of th e  o b ta in ed  
e q u a tio n  is positive sem idefin ite .6 T o  h av e  positive q u an titie s  for unknow ns, 
v e c to r  c is p roduced  as the  difference o f tw o positive v ec to rs, i. e.

c =  c — c ,

c + >  0  , c ~  >  0
(45)

6 This sta tem ent is easy to prove. Since

( z T M " z ) T  =  z T  M °T z,
it is:

z T (M° +  M °T )z 2 z T M° z ,
and

a positive semidefinite m atrix  because of D and H.
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an d  th e  firs t m a tr ix  eq u a tio n  in (43) is rep laced  b y  tw o m atrix  in eq u a lities , 
re s id tin g  in

D - D  GT1 ~c+ " 4 y(1)
D D — Gr c~ — - q —

— G G H P t y°>_
M X d y

(46a)

or, m ore concisely:

M X — d — y =  0. x7y =  0, X >  0. y 0 (46b —e)

w here th e  p ositive  sem i-defin iteness of M° involves th a t  of m a trix  M.
From  th e  K h u n —T ucker theorem s it is obvious th a t  th e  p ro g ram m in g  

problem  belonging to  (46) is:

m in  (y (x ) =  X7 M X — xT d X 0, M x  -|- d <  0} (47)

easy  to  solve b y  th e  s ta n d a rd  m ethods of q u a d ra tic  p rog ram m ing  [23]. P ro b lem  
(47) can be considered  as dual of (30).

In  know ledge o f x and  y o b ta in ed  b y  solv ing (47) and  m aking  use of 
(45), (44) yields u)1), (35) yields u ,1̂ , hence th e  genera lized  nodal d isp lacem en t 
v ec to r  of body  1, a n d  from  (33) th a t  of bo d y  2, all th ese  p e rm ittin g  th e  d e te r ­
m in a tio n  of d e fo rm a tio n  and stress s ta te s  of th e  bodies.

1.2.4 Formulation o f  the quadratic programming problem where one body is rigid

Q uite o ften , s tru c tu re s  are encoun tered  w here one b o d y  can be considered  
as rig id  com pared  to  th e  o th e r one.

1.2.4.1 R igid b o d y  ac ted  upon  by  a know n  system  o f forces

A ssum ing b o d y  1 to  be rigid and  ab le to  perfo rm  rig id-body m o tio n . 
L e t th e  vec to r be com posed from  th e  couple of v ec to rs  ( F ^ \  M PQ red u ced  
to  th e  origin of th e  reference  system  of th e  know n force system  acting  on th is  
b o d y  denoted  b y

r : m l1)'r ] =  q|1)'T , (48)
w here

F s(1) —*• b e in g  th e  re su lta n t force, and
K '  —► m{,1) th e  re su lta n t m om ent. A pp ly ing  (12b), p o ten tia l en erg y  

o f  th e  system  is:

n  = 1 u® 'T K (2>u<->
2

c ( / ) q6) —  q ® , (49)
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w here

c is th e  v ec to r of th e  r ig id -b o d y  m otion  of body  1 com posed of its  d is­
p lacem en t along, an d  ro ta t io n  a b o u t, th e  co -o rd in a te  axes.

L agrange fu n c tio n  belong ing  to  th e  co n tac t p rob lem  can  be w ritte n  as:

L 3 =  ж -f- | р(м>® —  w®  - h) d A  . (50)

B ody 1 being rigid,
гс®(ж) =  A ^  (я) c (51)

А ^(ж ) being  a m a trix  (row  vec to r) depending on th e  body  g eo m etry , 
on th e  d irec tion  o f u n ila te ra l re la tions.

A p p ro x im atin g  th e  in teg ral from  th e  co n stra in t in jL;! accord ing  to  1.2.2.2 
an d  ap p ly ing  (20) to  (22) an d  (51), we get:

J p(ipd) — mj® —  h ) d A a d  pT[Gwc A ® u ®  b w] , (52)

w here A ® , GR and  bR are q u a n tit ie s  o b ta in ed  from  (23b) an d  by  o m ittin g  th e  
la s t te rm s  in (23c).

R ep ea tin g  s ta te m e n ts  in  item  1.2.3 yields fu n c tio n a l belonging to  th e  
q u a d ra tic  p rog ram m ing  p rob lem  o f th e  form :

L 4 =  L 4(c , u® , p) =  —  [ c T u2’7 ]
0 0 c

0 K (2) u®

—  [ c T u ® - r ]

or, m ore concisely:

1

qd)
„ ( 2)

(53)

P7 ( [Од i A<2>]
I.«2)

b#)

=  —  u R К R u R — u R qR - f  y>t ( A r u# — bR) , (54)

all q u a n titie s  in (54) being obv ious from  a com parison w ith  (53), and  from  th e  
u n ila te ra l re la tio n ,

p >  0, - y R =  A r u r  -  b R  <  0, p' y R =  0 .

T he p rog ram m ing  p rob lem :

{—  «я  K R UR — UR 4/? I A R u R <  0 (55)

D ual of p rob lem  (55) is o b ta in e d  b y  app ly ing  th e  K h u n  —T ucker th e o ­
rem s. R ep ea tin g  s ta te m e n ts  in item  1.2.3.2 in to  th e  sam e sense, in  con fo rm ity
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w ith  th e  K hun T u ck e r theorem :

9 L x

fu r th e r

9c

9 L 4 

9u®

9L 4
Э р

=  — q(l) +  G£ p =  0 

=  u<2> — q(2) A ^ ’T  p =  0

=  Gfi c A(2) u(2) - bR =  y R  <  0 ,

Э L »  -гp ' — -  =  p7 y« =  o .
9 p

(56a)

(56b)

(56c)

(56d)

Again assum ing b o d y  2 no t p e rfo rm in g  any  rig id -b o d y  m otion , u(2) 
c an  be expressed from  (56b) and  s u b s titu te d  in to  (56c):

-Gr c +  H<2>p *R =  y R >  0, (57)
w here

H<2> =  A (2>[K(2)] _1 a <2),t , 

t;  =  -  A<2>[K<2)]-iq < 2) K =  - f (2)- V

H y p erm a trix  e q u a tio n  from  (56a) an d  (57):

0 g r  - C q(D 0

GR H<2> P l R  . . y R  .
(58)

A gain, p ro duc ing  v e c to r  c as a d ifference of tw o po sitiv e  vecto rs:

c 

c

o r, concisely:

0 0 G l  I

0 0 g r

- G (1> G g > H (-)

M r

M r X —  d R У

P
X

q(IH y(1)
q(1) •— y(2) =  0

l R  - -У я-
R У

0 .  X >  0 ,  x r  у  =  0  .

T h e re lev an t p ro g ram m in g  problem : 

m in { ? i(x ) =  X 7 M^, X — X7 d w x  >  0, — M„ x +  d/? <[ 0 /•

(59)

(60)

O bviously, th e  f in a l p rog ram m ing  prob lem  is th e  sam e, e ith er b o th  
c o n ta c tin g  bodies are  e las tic  or one of th em  is rigid. O f course, equ ilib rium  
e q u a tio n s  (58) an d  (43) are essen tia lly  d iffe ren t by  p h y sica l p u rp o rt: one 
re fe rrin g  to  th e  b o d y  as a whole, th e  o th e r  to  given nodes for th e  su p p o rt of 
th e  “ p rim ary  s t ru c tu re ”  (det КЦ’ Ф 0).
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1.2.4.2 K now n  d isp lacem en t of a rig id  body

In  th e  case w here rig id-body d isp lacem en t c o f bo d y  1 is a given va lu e , 
no eq u ilib riu m  e q u a tio n s  need be w ritte n  for bo d y  1, th e  co n tac t p rob lem  can  
be set up b y  m ean s o f th e  geom etry  e q u a tio n /in e q u a lity  expressing th e  c o n ta c t 
sep ara tio n .

O m ittin g  d ed u c tio n :

H (2) p — (Gff c +  t R) =  y R >  0 . p7 Уя =  0 , (61a)
w here

t*  =  -  A(2)[K (2>]-1 q®  I J (o) P(x) L(x) d A  h +

+  J (0) P(*)A<2>(*)<L4u® |

H ®  being  a positive  defin ite  m a tr ix , th e  p ro g ram m in g  p roblem  is:

m in  |/ l ( p )  ^ p ' H ® p  p ' ( G R c +  t R) j p>oJ . (62)

1.2.5 Another possibil i ty for  solving the contact problem

L et us re m a rk  th a t  if b o th  bodies are e la s tic , one constru c tio n  o f th e  
problem  m ay  be s im ila r to  (58), ex cep t for H ®  being  rep laced  by  th e  sum  of 
th e  in fluence fu n c tio n  m a trix  H® b ased  on th e  “ p rim a ry  s tru c tu re ”  1 an d  of 
H ® , t R is m od ified  to  th e  sam e sense, rep laced  by

t =  f®  -  f®  -  b

te rm s delivered  b y  (40). (41) and  (23). I n te rp re ta t io n  of vector c for a p lane  
s tru c tu re  is to  be seen in Fig. 3.

T Indic ated
d irec tion

Fig• 3. Body 1 of th e  plane structure may perform  rigid-body motion. In terpretation  of vector
c: cT =  [c„ e2, c3]
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Such a se tu p  o f th e  problem  is considered  in [1], [2] and  [9], th e  so lu tion  
b e in g  o b ta in ed  b y  a cyclic ite ra tio n  acco rd in g  to  th e  m ethod  o f g rad ien ts .

O bviously , such  a se tup  of th e  p rob lem  can n o t be considered  as th e  
s tr ic t  du a l of p ro g ram m in g  problem  (30), (47) being the  dual o f p rob lem  (30).

1.3 Comments on practical  computations

In  ac tu a l app lica tio n s of th e  described  m ethod , se tu p  o f  in fluence 
m a trice s  (41a, b) invo lves th e  inversion  o f  m atrices  K (i). C om plica ted  b o d y  
designs often  call fo r a h igh n u m b er o f e lem en ts to  be assum ed, p re v e n tin g  
th e  K <f) for th e  en tire  s tru c tu re  to  be k e p t in th e  active s to rag e  u n it of th e  
co m p u te r . In  th is  case, influence m atrices  H (t* are adv isab ly  p ro d u ced  as 
follow s:

1. In  case of b o d y  1 perform ing  r ig id -b o d y  m otion , a “ p r im a ry  s tru c tu re ”  
w ith  a k in d  of su p p o rt has to  be assum ed , so th a t  th e  re lev an t KU* will n o t 
d eg en era te  any  longer, and su p p o rts  h av e  to  be located  in a d o m ain  w here 
m a tr ix  A)1) is ab so lu te ly  zero (see in  (23), (34); see e. g. Fig. 4).

2. R espective J - th  colum ns o f m a trices  H (i), t =  1,2, w ill be delivered  
b y  v ec to rs  o b ta in ed  b y  m u ltip ly in g  from  th e  left th e  d isp lacem en t v ec to rs

Unfavourable

Fig. 4. Assum ption of basic structure for a plane s tructu re  if co-ordinates of th e  generalized 
nodal displacem ent vector are displacements
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a t  nodes and  u ( j \  a rriv ed  a t  by  so lv ing  algebraic eq u a tio n s

K£>uÿ> =  Att>-T p ,
K<2> u f  =■ A ^ - T  p

re la te d  to  loads fo r u n it values o f v e c to r  p in (22) a t d iffe ren t po in ts  J .
3. K now ing K ft, K ft - K ft?/ o b ta in ed  in  p ro duc ing  th e  “ p rim ary  

s t ru c tu re ”  of s tru c tu re  1, m atrices  D an d  G can easily be ca lcu la ted .
4 . Nodes in  dom ain  Q  are  a d v isa b ly  consecutively  n u m b ered ; th e re b y  

m a tr ix  A (i) will becom e quasid iagona l, g rea tly  sim plify ing ca lcu la tions.

C onclusions

T he co n tac t p rob lem  was seen to  be co n struc ted  on th e  L ag range v a r ia ­
tio n  princip le , an d  tre a te d  as a q u a d ra tic  p rogram m ing  p rob lem  owing to  
u n ila te ra l  re la tions. T he k in em atica lly  possible d isp lacem ent fie ld  is ap p ro x i­
m a te d  by  the  f in ite  e lem ent m e th o d , an d  th e  condition  o f c o n ta c t/se p a ra tio n  
is checked  in a p red e te rm in ed  (in d ica ted ) d irection  a t a f in ite  d iscre te  n u m b er 
o f p o in ts  accord ing  to  item  1.2.2.1 a n d  b y  com paring in te g ra l va lues for sm all 
f in ite  sections accord ing  to  item  1.2.2.2 (see (23) to  (25)).

T his la tte r  p rocedure  is ju s tif ie d  an y w ay  in case of a fie ld  o f d isp lacem ent 
v e c to rs  ap p ro x im a ted  b y  a h ig h er th a n  linear po lynom ial e lem ent-w ise, an d  
it  is especially  a d e q u a te  for th in  shells an d  p lates. Use o f e lem en ts of h igher 
degrees of freedom  leads to  a decrease in  th e  size o f th e  f in a l a lgebra ic  e q u a tio n  
sy s te m , p e rm ittin g  an  im p o rta n t tim e  sav ing , and  besides, y ield ing  a tru e  
p ic tu re  of the  s tre ss  s ta te  p rev a ilin g  on th e  co n tac t dom ain .

Appendix

Essentials of th e  theory of quadra tic  programming.
A quadratic program m ing problem  I is understood as minim izing the strictly  quasi- 

convex quadratic function7:

i(x) =  xr  C x — ст X y , i ^ O .  xr C i > 0 ,  (A. 1 )

sub ject to  the constraints of equation-inequality

A X <; b, X ;> 0 (A. 2)

I. min (xT C x  — cr x - | - y | x > 0 ,  A x b} (A. 3a

7 A function l(x) is quasi-convex if for any 0 <  A <  1 of the convex domain x g D 
and for conditions x1 and x- Ç Ü the inequality

/(A X1 +  (1 -  A) x2) ^  A l(x') +  (1 -  A) l(x2)

holds; this is invariably the case if C is a positive semidefinite m atrix .
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Besides, depending on the constrain ts, also problems II and I I I  are spoken about, nam ely:

II . min {x7 C x - c 7 x - | - y | A x  =  b, x >  0} (A. 3b)
and

I I I .  min {x7 Cx c7 x - f y  Ax<Çb}  (A. 3c)

Problems II and I I I  can be transform ed to  problem I; I I  by  means of inequalities 
A x < b  and -  A x  <  — b: I I I  requiring a variable transform ation x =  x + — x _, x + J> 0,
X“ >  0, x7 =  [x + >7 x->7 ] >  0.

The conditional extrem e value calculation is generalized by the K hun -  Tucker theorem  
for the case where the constrain ts no t only contain equations b u t also inequalities. According 
to th is theorem, the Lagrange function belonging to  (A. 3a):

L  =  x7 C x — c7 x - y +  ti7(A x — b) (A. 4)

has a saddle point for the optim um  solution for x° of the m inim ization problem (A. 3a), hence 
there is vector u° w ith an inequality  relationship

L(x. u°) >  L(x°, ii°) >  L(x°, u)

for any x >  0 and u >  0. This fulfils of so-called local conditions

9 L  I „ -r 9 L  IV =  — — I 0 . x0-7 ----- -— о
0X (x°, U°) “  0X (x°, u°)

y =  -  —  1 ;> 0 u«Л —  [ =  о
У Эи I (x°, u») -  ’ Эи I (x°, u°)

(A. 5)

(A. 6a, b) 

(A. 7a. b)

as necessary and sufficient conditions. 0L/9x being a column vector w ith components obtained 
by taking the partial derivative of function L(x, u) w ith respect to components of x: 0L/9u 
being a similarly in terp re ted  vector. Lacking a non-negativity  requirem ent for x, (A. 6a) is 
replaced by relationship [23] :

(A. 8)
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Anwendung der Verschiebungsmethode der finiten Elem ente zur Lösung von Problemen 
der elastischen Berührung. Die K lärung des Berührungsproblem s elastischer K ontinua bei 
beliebiger Belastung und Fläche is t sehr um ständlich, da die Berührungsbereiche im  vorherein 
n icht bekannt sind. Im  Beitrag wird das Kontinuum  durch eine Menge von Elementen m it 
endlichen Freiheitsgraden ersetzt und auf das so erhaltene elastische System  wird nach dem 
Prinzip des Minimums der Potentialenergie die Lösung der Aufgabe aufgebaut, die sich wegen 
der einseitigen Verbindungen zwischen den Körpern (die K on tak tk ra ft kann nur gegen das 
Innere des Körpers gerichtet sein und wird dann als positiv be trach te t) als quadratische 
Program m ierungsaufgabe der m athem atischen Program m ierung behandeln läßt. U nter 
Anwendung der K hun—Tuckerschen Bedingungen ist auch die zu dem obigen Primalproblem 
gehörende Dualaufgabe geklärt, die es bei konkreten Berechnungen vorteilhafter aufzustellen 
und zu lösen ist, als die ursprüngliche Aufgabe. Es wird vorausgesetzt, daß die Reibung und 
H aftung zwischen den K örpern vernachlässigt werden können und daß die Verschiebungen, 
Form änderungen gering sind.

Применение метода конечных элементов для решения контактных задач. Решение 
контактных задач для сплошных сред при произвольных нагрузках и конфигурациях 
является очень сложным, так как заранее неизвестны области контакта. В данной работе 
сплошная среда замещается множеством элементов с конечной степенью свободы. На 
полученную таким образом упругую систему базируется — на основе минимума потен­
циальной энергии решение задачи, которая вследствие односторонней связи между 
телами (контактное давление может бытьнаправлено только в тело, и в этом случае оно 
считается положительным) в конечном счете сведена к решению задачи квадратического 
программирования. При использовании условий Куна-Таккера выяснена дуальная задача, 
относящаяся к вышеу помянутой примальной задаче. Постановка и решение дуальной 
задачи при конкретных вычислениях кажется более выгодной, чем решение примальной 
задачи. Предпологается, что трением и сцеплением между телами можно пренебречь, далее 
перемещение и деформация являются мальими.

A cí2 Technic I Academ iae S c ie n ti irurn Hungaricae 82, 1976
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