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Contact problem of elastic continua subject to arbitrary load and of arbitrary
surface is a rather intricate one, contact domains not being known a priori. Here, the
continuum is replaced by a bulk of elements of finite degrees of freedom, the obtained
elastic system serving as basis for the solution of the problem based on the principle
of potential energy minimum. Because of the unilateral relations between the bodies,
the mathematical programming can be discussed as a quadratic programming problem.
Use of the Khun-Tucker conditions yields a solution for the dual of this primal problem,
much easier to establish and solve than the original one. Friction and adherence be-
tween the bodies are considered as negligible, and displacements, deformations to be
small.

Introduction

With the advent and generalization of computers, elasticity and mathe-
matical methods easy to computerize have been developed, such as the method
of finite elements and various methods of mathematical programming.

In spite of the approximation involved in the combined application of
both methods, its practical significance must not be underestimated, since the
complexity of mechanical or architectural structures, of various types of load
practically prevents any exact solution.

A practical satisfactory solution of the contact problem is possible by
discretizing the finite elements according to size and kind, and applying the
so-called condition of the contact/separation discussed in item 1.2.2.2.

According to the Author’sknowledge, the first publications on the mathe-
matical programming of contact problems date back to 1967. An interesting,
universal, efficient method has been suggested by Friedmann, V. M. and
Tschernina,V. S. [1], [2], i. e. cyclic iteration based on the gradient method,
to approximate the first-kind integral equation-inequality describing the
contact-separation phenomenon; and that with a universal formulation,
suitable for examining a wide range of structures. As an example, solution of
contact problems of coaxial cylinders and rings, as well as of a circular plate
under symmetric load and a Winkler type foundation is described in [2].

Theoretical bases and a concrete solution method for the calculation of
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354 PACZELT, I.

elastically an bedded structures involving the method of quadratic pro-
gramming has been considered in the significant, pioneering work by Dupuis,
G. and Probst, A. [3]; potential energy of the system is minimalized under
the constraint expressing the conditions of the contact/separation at a finite
number of points. The elastic strain energy of the foundation and the beam
contacting is approximated by the method of differences.

For the sake of completeness, let us mention references [4] to [7] con-
cerning the theoretical and practical problems of unilateral relations occurring
at structure supports although these do not strictly belong to the scope of
this study.

Thesis [8] suggests developping ideas in [2] permitting the consideration,
in addition to rigid-body displacements, also of angular rotation between
solids, what is more, a subsequent paper [9] accepts in addition to contact
forces, internal forces developing at structural joints (e. g. of shells, plates)
as unknowns.

[10] and [11] are concerned with the contact problem of advancing
bodies by means of the method of quadratic programming assuming that
within the proposed zone of the contact, the system of (other than contact)
forces acting on the bodies causes no displacement, and that the relative rigid
body translation between the bodies can only be positive, i. e. an approach.
Solutions in [1] and [9] are exempt from these restrictions.

The problem of contact between the beam or plate and a Winkler-type
foundation is solved in [12] and [13], so as to minimize the potential energy
by the constants involved in the series expansion of the deflection functions,
keeping in mind the conditions of the contact separation; the solution is ob-
tained by quadratic programming.

A similar concept is encountered in [11] for the solution of the contact
between a symmetrically loaded circular plate and the elastic semi-space.

Several works by (lonway, H. D. and Engel, P. A. have been concerned
with contact problems in cold rolling. Among them, [15] analyses the contact
between the stiff cylinder and the elastic layer; the contact separation condi-
tion is checked at a finite number of points; step-wise load increments are
determined by involving ever more points in the contact. The algebraic equa-
tion-inequality system expressing the contact separation is essentially the
same as that for the approximate solution of the Fredholm integral equation
inequality encountered on setting up this problem. In this relation it is affine
tothat by Friedmann,Y. M., Tschernina, V. S., while solution steps of the al-
gebraic equation inequality system are quite different. Another paper by them
[16] also reckons with the effect of friction.

Along with the popularization of the finite element method, several
papers were published on the calculation of various elastic supports ([17],
[18], [19]), considering the connection between the bodies as bilateral.
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ELASTIC CONTACT PROBLEMS 355

Fig. 1. The problem is to find the real contact domain Qp between bodies 1and 2, displacement
vector field and stress state of the bodies

Fig. 2. Geometry conditions of contact separation:

forw —wu/l) -f~-h = 0 contact,
for -j- h > 0 separation (gap)

A quite different approach is encountered in [27], also taking the Cou-
lomb friction between the bodies into account; separation and contact domains
can be determined by gradually increasing the load and solving the problem
step-wise. Convergency of the method is, however, questionable.

120] presents a contact problem between a rigid sphere and an ideally
plastic semi-space.

Slide ways of tool machines are analysed by the finite element method
in [21], making use of the empirical relationship between deflection and pres-
sure, depending on the design, to determine the contact pressure. The method
suggested in this study eliminates the empirical relationship.

After this short survey of literature with no claim to completeness
let us consider the contact problem itself.
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For the sake of simplicity, let us assume that the elastic system consists
of two bodies, with no restriction for the generality of the problem, at the same
time facilitating to expose, set out and simply treat peculiar problems of
contact.

Let the bodies in Fig. 1 be denoted by t = 1, 2; assignment of any magni-
tude will be indicated by the superscript in parentheses. Body surfaces will
be separated into three domains:

A~ — body surface part bearing a given surface load;
A — body surface part with given displacements (kinematic boundary
conditions);

proposed zone of contact;

A« = Af + A® + Q) body surface.

Coupling each two points of body surfaces into domain their displace-
ments or a component in some direction e. g. normally will be represented
in course of the deformationl (Fig. 2.).

Correlation between points in domains i3*1' and (2> being settled, in
the following the superscript will be omitted, writing Q alone.

Unilateral relations between bodies implies that for a difference

nr(u)2d  ud»-)- hr) = yM — j</2) -j- A==y 0, (1)

between the projections of the displacement vectors2u[r=of points in domain Q
in a given direction (e. g. the outer normal of body 1 at point (),) separation
occurs, that is, the contact force is zero, p = 0, and for

- W+ hr) = n/2*— f-h=y —0, (2)

the body point couples contact each other, hence p > 0. Let the separation
gap domain be denoted by x£UO0, the contact domain by x£Up, and be Q =
= 20+ 12p, where x is a tridimensional co-ordinate in spatial problems,
a two-dimensional one for planar problems, and a linear one for single-variable
problems; n'1* is the outer normal of body 1; up the displacement vector
of body t; and hr the vector of the initial gap. By definition. tv{l) is the projec-
tion of the displacement of a point in domain Q in the indicated direction,
furthermore, domains Qa and Qp are unknown.
Because of the unilateral connections, for points in domain Q:

yp 0, x£Q. (3)

1The same hypothesis is encountered in classic solutions of rigid-punch semi-space
semi-plane contact problems assuming small displacements (see e. g. in [22]).

2Vectors and tensors with covariant or contravariant components are denoted by sub-
scripts and superscripts, as is usual. Latin letters may assume values of 1,2,3 [22].
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ELASTIC CONTACT PROBLEMS 357

1. Solution of contact problems according to the
principle of potential energy minimum

1.1 Setting the problem

To solve the contact problem, the displacement vector field of bodies
belonging to the elastic system will be approximated by the finite element
method, also taking the interaction of bodies due to unilateral connections
(contact effect) into consideration, in determining the unknown parameters.
This approximation is especially advantageous for bodies complex in form,
difficult to clamp, and subject to combined loads; inconvenient, practically
impossible to solve.

Let us assume a priori a bilateral connection between the bodies in the
indicated direction nj.I* that is:

- icd |- h = 0, xC_Q. (4)
The displacement field u[l) to be approximated is required to meet kinematic

boundary conditions on surface AMNK Then the potential energy of body t
(for zero initial deformation and stress):

A0= 1T CWsaktarsdV r f usdVvV { pOusdA, t= 1,2 (5)

2 J(w) J (VD) M °)
where volume of body t; A" its surface under prescribed surface
traction ps; CKirs matrix of material constants; ars - strain tensor; gqs —
volumetric force intensity vector, ars = Crskl akl stress tensor according

to Hooke’s law.
Introducing functional

Lx= Lt(ur> uf\p)= T2 + J p(ic ic® h)dA (6)

in view of ars= [(«rv §) + (VrM)]/2, for small displacements, involving the
Hamilton differential operator i7s; and Ckirs = Crskl, displacement field i. e.
stress rs in points of domain Q can be separated into components in
a given direction n”r and normally to it, then, from Hooke’s law and the
Gauss Ostrogradskv integral transformation theorem, the following conclu-
sions of the Euler equations belonging to the stationary value of the functional
(OLX= 0) are obvious, assuming the relation to be bilateral:

1. the Lamé equilibrium equation in terms of the displacement vector:

pkoW (u<f + q(t3= 0, FM;
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2. fulfilment of the dynamic boundary condition:

n(0 a(t)rs _ pS»x £ ~ (0 .

3. fulfilment of the supplementary kinematic boundary condition (4)
related to both bodies, arising from their bilateral relation;

4. relationship for the contact force as an internal force:
p = - n*4-nW p = nWorssnf ;
5. zero tangential stresses from neglecting the friction and adherence

TO ) = jM) a(i)rsnP)p e
spv

td|= n?2J*¥*nm e,

where erst is the Levi-Civita tensor [22].
Change of functional (6):

ALX= OLX+ 6% = 626+ [ Op(divw - <W2)dA ,

since 6L1= 0, while according to ga2n 0, n=n -f is a potential
energy with a minimum.
Taking note that, because of (4), in case of an exact solution

bi T« 4+ p@ )
This relationship is also valid in case of a unilateral relation between the bodies,
hence, where equality (4) is replaced by inequality-equality (1), (2) and expres-
sion (3). Since the unilateral relation leads to p f> 0,y > 0,y *p = 0, the
problem has to be developed so as to permit application of mathematical
programming methods.

1.2. Treatment of the contact problem by
quadratic programming

From the mentioned aspect, the problem has to be discretized; partly,
the displacement vector field ofthe bodies will be approximated by a kinemati-
cally admissible displacement field, and partly, the integral value from the
constraint over the domain Q involved in the functional (see in (6)) will
be so approximated that it appears as a finite sum.
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ELASTIC CONTACT PROBLEMS 359

1.2.1 Assumption of the displacement field to be approximated

Kinematically possible displacement fields are required to meet the
kinematical boundary conditions on the surface Aj-1and to deliver the strain
tensor. The displacement vector field could also be approximated in series
form according to the Ritz method, but because of the important change of
the stress tenzor field adjacent to the contact domains, as well as the compli-
cated form and load of the bodies constituting the elastic system, it seems more
expedient to apply the so-called compatible displacement model of the finite
element method3or of any other model expressing the potential energy of the
system obtained by transforming the functional, to be minimized in terms of
the generalized nodal displacement vector, such as models of hybrid displace-
ment, by P. Tong [24] and by T. H. H. Pian [25] of hybrid str<*ss and mixed
fields.

In the compatible displacement model of the finite elements method,
the kinematically admissible displacement field is approximated by the entity
of functions assumed to be element-wise [26]. Let the displacement field be4
inside element e obtained by seperating the body denoted by wne(x), and its
(generalized) nodal displacements by ue. In terms of the assumed approxima-
tion matrix Afx), the displacement field inside the element is:

ue{x) = Ae(x) uL (8)

Denoting vectors formed of members of the strain and stress tensor by eeg(x)
and Ge(x) resp., and in knowledge of the displacement field:

ee(x) = D iT(.r) B*(.r) ue 9)

where D — differential operator matrix, while making use of Hooke’s law
and assuming initial deformations and stresses to be zero,

aeg(x) - Ceeefx) - - CeW(x) ue (10)

where Ce — is the matrix of material constants.

Applying the compatible displacement model, the assumed approxima-
tion matrix Ae(x) must yield strain ce(x) = 0 if the element performs a rigid
body motion, further, the transition from one element to the other has to
respect the displacement continuity [26].

Introducing the above magnitudes in (5) yields the potential energy for
element e:

K'u’ gé u n)

3Bases of the finite element method are assumed to be known.
4 Multidimensional vectors and matrices are marked by bold letters, and their trans-
position by the right superscripts T.
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where

K" J(0 Brr(*) CeBox dV the stiffness matrix of the element;

generalized nodal force val-
ues from volumetric and
surface loads qf(*) and

Fe= |(61') A'”I’(*)P’(*)dA pe(*), resp., and:

H=cptpe

M aking use of the identity of the generalized displacement vector at identically
marked nodes of adjacent elements, permitting the production of potential
energy for the tested body:

de = j(V,) AeT(x) gf(r)dF
and

TO=  wETKE.O0  aTql>, f 12 (12a)
where:
u() — generalized nodal displacement vector for body i;
K.O — stiffness matrix (K/'l= K~’/);
g” — generalized nodal load vector from external loads.

The value of the displacement vector field at nodes on the body surface
XCAN being known, u(@>can be separated into two parts, i. e. vectors with
unknown and with known components: u”'7 = [uM),T tT(),/]; and so can
be q(f* q«-r = [<CGT q«'T]. Then:

K> ke ul 67 e

0 - [gOT #Or
O =5 K@ Ke | &
[

'[ [——

and after performing the operations, and taking into consideration that in
ii,) the only unknown is u(,), for the functional to be constructed, n may be
simply understood as:

= 2 UDQTK"m<0  u(,Tq0 = n() const (12b)
where
q) q@) — G(@1) — generalized nodal load vector from the known
external load system and the displacement
vector u(,).

Acta Technica Academiae Scientiarum Hungaricae 82, 1976



ELASTIC CONTACT PROBLEMS 361

1.2.2 Discretization of the constraint

Let us approximate the integral value in functional Lt:

1.2.2.1 Checking contact/separation in discrete points:
p(w(@) —w/2)—h) dA = p(X)(uFd\x) - - h{x))dA ad

A 1?1 P(xi) JIBAw@(*i) - vE»\x,) - h(xf) =

= i’'P,(icp) wfr h)= VPj. (13)
i-1 —

introducing notations

Pt = p(Xi) AAt> 0, w@d{xi)= w(*\ t= 1,2,

yl= uft —w\)+ h, > o0;

non-negativity of P, and yt follows from the unilateral relations (see in (1)
through (3)).

Integral approximation can be mechanically interpreted as follows:
domain Q is separated into k finite small parts AAt, the contact force distributed
over them is replaced by its “resultant” P, realized at an inner point (e. g.
center) of the given domain part AAt, and other terms of the integrand are
calculated at these inner points.

Thereby the contact separation condition is checked at k points. Increase
of k and a more exact calculation of integral (13) means the increase in accuracy
by solving the contact problem.

Introducing the resultant vector of the contact surface stress

VT = [PKEP2..+,Pk]> 0 (14)
and vectors of size (1xk)
wl)T = [m/gwt, ..,mA],t =12 (15)
hT = [hifh2 .. ., hk], (16)
fT= bT>Y2>ee 'YK\ N 0 (17)

construction of a corresponding permuting matrix may yield:
w()= GQu() t= 12 (18)
hence, in view of (3), the constraint (13) may be written more concisely:

[ p{wW - 12 - h) dA = pT[GQ u<!>- GE>u(>- h], (19a)

1

p'y = 0;p> 0;y> 0. (19b, c, d)
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362 PACZELT, I.

1.2.2.2 Checking contact/separation in small finite sections

The previous approximation is valid for a displacement field inside the
element, considered as varying, according to a linear law. Now, the stress
state of the element is constant (in a spatial case it is a tetrahedron of 12
degress of freedom, in plane problems triangles of 6 degrees of freedom), i. e,
the generalized nodal force due to contact force p considered as constant
becomes a concentrated force (resultant) of direction

In cases where the selected element type approximates the displacement
field inside the element by polynomials higher than of first degree, the general-
ized nodal force due to the contact force developed on the element surface
in domain Q can only be calculated from the relationship

P* = J(a«) Aer(x) pe(x) dA .

The initially unknown contact force pe(x) cannot be approximated by a poly-
nomial of higher degree than the selected element type is able to yield. If this
fact is respested, our calculation will comply with the relationship for “the
contact force as internal force” belonging to the stationary value of the func-
tional L,

Three points of view support the use of element types delivering a non-
constant stress field inside the element, viz.:

1. according to computational experience, applying the element type of
more degrees of freedom for approximating the stress state at the same accuracy
leads to far less unknowns in the final set of equations than for the simpler
elements;

2. stress state approximation is improved, a major requirement espe-
cially near domain fi;

3. not too small elements have to be handled near the domain U, either.

Assuming the approximation matrices A@\x) (row vectors) to be pro-
duced by using matrices Ar(n:) for approximating displacements w(t\x) (t = 1,2)
along the indicated direction in domain Q. If the generalized displacement
vector is known:

w(t\x) = AM(x) u() = AM(x) u(i)+ AMx) 0d, xC Q. (20)

The initial gap can be written by means of vector h composed of approxima-
tion matrix L(.t) (row vector) and its h values at discrete points:

h(x) = LWx) h. (21)
Accordingly, the contact force is approximated in the form:
p(x) = PT(r) p, XiU (22)
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ELASTIC CONTACT PROBLEMS 363
where

PT(r) — approximation matrix (row vector) depending on the element
type;

p — a vector produced from the contact surface stresses develop-
ing at a finite number of points but not absolutely element
nodes [N/cinZ2].

Now:

|[(Np[w« - m<2>- h] d.4 at pTIAQu@) - A>u<2- b], (23a)
where
A(C = J(O)P(*) A<O(*) dA, t - 1.2 (23b)
h - | P(nr) h(x) dA h |-
(fexl)
+ J(O)P(*) A@(x) dA u(>—
- [J ® P(*) A<>(*) dA ((2>. (23c¢)
Introducing magnitudes
A - [AQ A2, (24a)
kx(m +n) (kxm) (kxn)
u*y’
(mxl)
u (24b)
(m+n)x 1 u<2>
(nxI) .
- yO= Au-b~no (24c¢)
(fex 1)
permits the production of the constraint in the form:
—w”" —h] dA w p; [Au b] (25a)
p>0, y@0 ;> 0. pTy<) = 0. (251), c, d)

1.2.3 Formulation of the quadratic programming problem

1.2.3.1 Primal problem

Constraints obtained by transformations described

in items 1.2.2.1

and 1.2.2.2 were seen to be formally identical but physically, qualitatively
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different. Further computations will be based on constraint expressed by
relationships (25a—d) in item 1.2.2.2 but statements are also valid for con-
straint in 1.2.2.1.

Solution of the examined contact problem was proved in item 1.1 to
be provided for by the stationary position of functional Lv provided bodies
are bilaterally related. Because of the constraint (25a—d) resulting from unilat-
eral relations, and of the kinematically possible displacement field approxi-
mated by the finite element method, the functional is modified, that is, apply-
ing (12b), (24a, b) and (25a), the initial L x is replaced by L2:

Li = Lrun, ufip) -+L2= L2(u® @ p)>

that is
= Lru(>T U, K®O ‘ud [u()'r U® T]
Y. BT O 0 K® u® ¥
- (26)
+ pT([A@>I - A®] [U®J ,
or, more concisely:
L2a= LAU-P)= ~ rKu~ Lid+ PIAU D) —wau) + Pryo. (27)
where
K® 0
K 0 K® o4 = (28a, b)
P> 0, y<e> > 0, pr y<> = 0. (29a, b, C)

Assuming a rigid-body-like relative displacement between solids to be
possible, matrix « is positive semidefinite (x» k x o, for x o), that is,
potential energy :r(u) of the system is a strictly quasi-convex quadratic func-
tion of the generalized displacement vector u.

Thereby, the contact problem could be reduced to the following quadratic
programming problem:

min Ku—u7qg Au b~O (30)

(27) can be considered as -a Lagrange function of programming problem (30).

1.2.3.2 Dual problem

Theory of mathematical programming has demonstrated that the primal
problem can be assigned a dual problem, and that the existence of solution
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for one involves that for the other. Often — in actual computations — solu-
tion of the dual problem, followed by the determination of unknowns in the
original problem, seems more practical than finding a direct solution for the
primal problem.

In this case, the dual problem belonging to (30) can he produced by
making use of the Khun—Tucker theorems of non-linear programming (see
in the Appendix).

The theorem leads to relationships

2= KQu@®) gD+ AW p=0, . (31a)
au'l) 4 p

(according to (A.8) where x wf), t= 12)

8L2=K<2u2> qb)- AZTp= 0, (31b)
8u«)
further:
= AQu@l>- AfQu»)— b= —y0>< 0 (32a)
pr 8L2 _ pTy(© _0 (32b)
8p

(according to (A.7) where u = p).
Assuming body 2 not performing rigid-body motion, det A0, thus,
from (31b):
U= [K<2-1g2+ [K-1A@Q),rP. (33)

Body 1 can perform rigid-body motion, hence, its stiffness matrix is a
singular one, but anon-singular quadratic matrix of the size of the original
matrix lessened by the degrees of freedom of the rigid-body motion can always
be designated to it. Assuming matrix KU* in the lower right corner of matrix
K (@) not to be singular. (This is always possible by duly rearranging rows and
columns.) Partitioning Eq. (31a) yields:

Kfi> K-> «1 . AN
K> Kg) dyj AT "7 °

(34)
thus, partly

Uv= [K~]-1gy  [K«]-1AVTp  [K~]-1Kg) uo) (35)
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and partly, by introducing magnitudes:

D = Kft) - Kg>[KE>]-i K«, (36a)
GT = AT - Kft>[Kft>] (36hb)
g= <)-K<BH[KDB]-V 1> (36¢)
yields:
Duft>- g+ GTpP = 0, (37)

equilibrium equation of nodes belonging to vector uft); D uft), —q and GTp
being generalized force values transmitted from the internal forces, from the
known external load, and from contact forces, respectively, to the node, D
being a positive semidefinite matrix5.

Since u«-T= [uft*T juft>"T],

(1Xm) | m—|
applying (35) yields
- e uft» 0 O qft" 0
dj * P, (38)
-[Kg)] Kft), 0 [Kft)]-1. . [Kft»] ARDT ,

(E(>— is a unit matrix of size (ZX/)) and from (32a) taking (38) and (33)
into consideration:

K> - Aft) [Kft»]"1Kft>] uft) + [0 Aft> [Kft)]-1] g« _

KNkl ~a'l p- (39)
- AZ[K@Q]-1 - A<)[K(]_1 p—b——y()

Since Kft* = K « T taking (36b) as well as matrices and vectors

F@O= [0 I Aft) [Kg)]"]Q, f@®= F@ qd>, 40a. b
(txm)  (frx!) (tx(m-1)) (/exl) (ftXm)(mxl) (40a, b)

51t can easily be demonstrated. K.6) being a positive semidefinite symmetric matrix,
the inequality

0<;UNTK « uo) = uft>"T K (1) uft)y + 2uW T Kft) uft) + ug) Kft) uft)

holds. Be
U(|]|') - [K ft)]-1Kft) uft),

then for symmetric Kb), for any uO);

0 < uft*'7 [Kft* - Kft* [Kft»]"1Kft»] uft) == uft)-T D uft) .
Q.ed.
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FO= AQI[K@Q]_1 . = F@ q(2), (40c, d)
(kxn) (nxn) (kx1) (kxn) (nxl)
¢ = <)_f(2) b
(foxi) (40e)
H®> = o <
(k) DR(m—A] Hmx @—A] [(m-1)xd] (412)
HO = AQ [KQ@] 1AQ)T,
(kx§>) (er(12)) [(n(xr)1])_ (n(xk)) (41b)
H= HQ+ HQ), (41c)

into consideration, geometrical equation inequality (39) expressing contact
separation can be replaced by

Hp- Gu« - t= y0> 0 (42a)
and from (29c)
PTy9= 0 (42b)

H being the resultant “influence coefficient matrix”, t the displacement from
known loads and the initial gap, and G a matrix also involving the structure
geometry.

Equations of equilibrium (37) and of geometry (42a) yield a hypermatrix
equation

D Gr ¢ 4 0
-G H p oty oy
MO
where
c * (44)

denoting the unknown beyond the contact forces. Matrix M° of the obtained
equation is positive semidefinite.6 To have positive quantities for unknowns,
vector c is produced as the difference of two positive vectors, i. e.

c=¢ —cCc |,
(45)
c+> 0, ¢~ >0

6This statement is easy to prove. Since
(zTM"2)T = zT M°Tz,
it is:
T(M°+ M°T)z 2:TM° z,
and

a positive semidefinite matrix because of D and H.
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and the first matrix equation in (43) is replaced by two matrix inequalities,
residting in

D -D GT1 ~c+" 4 y(@
D D—Gr ¢ — .q — (46a)
—G G H p t yo>
M X d y
or, more concisely:
MX—d—y=0 x7y=0, X>0 vy 0 (46b —e)

where the positive semi-definiteness of M° involves that of matrix M.
From the Khun—Tucker theorems it is obvious that the programming
problem belonging to (46) is:

min (y(x) = XxXTMx—xTd x 0, Mx --d < 0} (47)

easy to solve by the standard methods of quadratic programming [23]. Problem
(47) can be considered as dual of (30).

In knowledge of x and y obtained by solving (47) and making use of
(45), (44) yields u)d, (35) yields u,®, hence the generalized nodal displacement
vector of body 1, and from (33) that of body 2, all these permitting the deter-
mination of deformation and stress states of the bodies.

1.2.4 Formulation of the quadratic programming problem where one body is rigid

Quite often, structures are encountered where one body can be considered
as rigid compared to the other one.

1.2.4.1 Rigid body acted upon by a known system of forces

Assuming body 1 to be rigid and able to perform rigid-body motion.
Let the vector be composed from the couple of vectors (FA\ MPQ reduced
to the origin of the reference system of the known force system acting on this
body denoted by

r ‘miYr] = qnT, (48)
where

Fg) —= being the resultant force, and

K ' —»m{]) the resultant moment. Applying (12b), potential energy
of the system is:

n = %u@'TK(2>u<-> c(/)qg6) — q®, (49)
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where
c is the vector of the rigid-body motion of body 1 composed of its dis-
placement along, and rotation about, the co-ordinate axes.
Lagrange function belonging to the contact problem can be written as:

L3= - | pM>®—w® - h)dA . (50)

Body 1 being rigid,
rc®(x) = A" (a)c (51)

A”(k) being a matrix (row vector) depending on the body geometry,
on the direction of unilateral relations.
Approximating the integral from the constraint in jL} according to 1.2.2.2
and applying (20) to (22) and (51), we get:

J p(ipd) —ni® — h)dAad pT[Gwc A®u® bw] , (52)

where A®, GR and bR are quantities obtained from (23b) and by omitting the
last terms in (23c).

Repeating statements in item 1.2.3 yields functional belonging to the
quadratic programming problem of the form:

c
L4= L4c,u®, p) = — [cT u27] ®

0 K@ u (53)

— [cT u®-r] s P7([Op i A b#

& (O AA 1) )

or, more concisely:
1

= — URKRUR—uRgR-f yt(Aru# — bR), (54)

all quantities in (54) being obvious from a comparison with (53), and from the
unilateral relation,

p> 0, -yR= Arur - bR< 0, pPyR= 0.
The programming problem:

{— «a KRUR — UR4/? IARUR <0 (55)

Dual of problem (55) is obtained by applying the Khun —Tucker theo-
rems. Repeating statements in item 1.2.3.2 into the same sense, in conformity
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with the Khun Tucker theorem:

9L x
= —qh)+ GEp= 0 (56a)
9c
9L 4
= u2>—q@ A"Tp=0 (56b)
Qu®
further
9L4 .
= Gfic AQ@u@ - bR= yR< 0, (56¢)
ap
oL » L.
' . = p7y(( = 0. (56d)
9p

Again assuming body 2 not performing any rigid-body motion, u(?
can be expressed from (56b) and substituted into (56c):

-Grc + H<>p *R = yR> 0, (57)
where
H2>= A[KQ] 1a<dt,

t; = - AP[KQ]-iq<?) K = -f(2)- V

Hypermatrix equation from (56a) and (57):

0 . cC ad 0
’r (58)
GR H2Z p IR . .yR.
Again, producing vector c as a difference of two positive vectors:
0 0 Gl 1 ¢© q(H y(]_)
0 0 or c qQd -~ y(Z) =0
-G (1> gg»> HG  p IR - -Yaq-
M r X R y
or, concisely:
MrX— dR y 0. X> 0, xry= 0. (59)
The relevant programming problem:
min {?i(x) = X7 M\ X —x7dw x > 0, —M, x + d? <[ 0/, (60)

Obviously, the final programming problem is the same, either both
contacting bodies are elastic or one of them is rigid. Of course, equilibrium
equations (58) and (43) are essentially different by physical purport: one
referring to the body as a whole, the other to given nodes for the support of
the “primary structure” (det KL’ & 0).
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1.2.4.2 Known displacement of a rigid body

In the case where rigid-body displacement ¢ of body 1 is a given value,
no equilibrium equations need be written for body 1, the contact problem can
be set up by means of the geometry equation/inequality expressing the contact
separation.

Omitting deduction:

H@p — (Gffc + tR)= yR> 0. p7Ya= 0, (61a)
where

t* = - AQIK@]F1q® 1J(0) P(x) L(x)dA h +
t

H® being a positive definite matrix, the programming problem is:

0) P(*)A<2>(*)<L4u®|

min|/l(p) ~p'H®p p'(GRc + tR)jp>OJ. (62)
1.2.5 Another possibility for solving the contact problem

Let us remark that if both bodies are elastic, one construction of the
problem may be similar to (58), except for H® being replaced by the sum of
the influence function matrix H® based on the “primary structure” 1 and of
H®, tR is modified to the same sense, replaced by

t=f® - f® - b

terms delivered by (40). (41) and (23). Interpretation of vector ¢ for a plane
structure is to be seen in Fig. 3.

Indicated
direction

Fige 3. Body 1 of the plane structure may perform rigid-body motion. Interpretation of vector
c: cT = [c, e2 c3
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Such a setup of the problem is considered in [1], [2] and [9], the solution
being obtained by a cyclic iteration according to the method of gradients.

Obviously, such a setup of the problem cannot be considered as the
strict dual of programming problem (30), (47) being the dual of problem (30).

1.3 Comments on practical computations

In actual applications of the described method, setup of influence
matrices (4la, b) involves the inversion of matrices K(i). Complicated body
designs often call for a high number of elements to be assumed, preventing
the K<) for the entire structure to be kept in the active storage unit of the
computer. In this case, influence matrices H(t* are advisably produced as
follows:

1. In case of body 1 performing rigid-body motion, a “primary structure”
with a kind of support has to be assumed, so that the relevant KU* will not
degenerate any longer, and supports have to be located in a domain where
matrix A)l) is absolutely zero (see in (23), (34); see e. g. Fig. 4).

2. Respective J-th columns of matrices H(i), t = 1,2, will be delivered
by vectors obtained by multiplying from the left the displacement vectors

Unfavourable

Fig. 4. Assumption of basic structure for a plane structure if co-ordinates of the generalized
nodal displacement vector are displacements
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at nodes and u(j\ arrived at by solving algebraic equations

K£>Uy> = At>-Tp,
K<2>u f =mAM-Tp

related to loads for unit values of vector p in (22) at different points J.

3. Knowing Kft, Kft - Kft? obtained in producing the “primary
structure” of structure 1, matrices D and G can easily be calculated.

4. Nodes in domain Q are advisably consecutively numbered; thereby
matrix A() will become quasidiagonal, greatly simplifying calculations.

Conclusions

The contact problem was seen to be constructed on the Lagrange varia-
tion principle, and treated as a quadratic programming problem owing to
unilateral relations. The kinematically possible displacement field is approxi-
mated by the finite element method, and the condition of contact/separation
is checked in a predetermined (indicated) direction at a finite discrete number
of points according to item 1.2.2.1 and by comparing integral values for small
finite sections according to item 1.2.2.2 (see (23) to (25)).

This latter procedure is justified anyway in case of a field of displacement
vectors approximated by a higher than linear polynomial element-wise, and
it is especially adequate for thin shells and plates. Use of elements of higher
degrees of freedom leads to a decrease in the size ofthe final algebraic equation
system, permitting an important time saving, and besides, yielding a true
picture of the stress state prevailing on the contact domain.

Appendix
Essentials of the theory of quadratic programming.
A quadratic programming problem 1 is understood as minimizing the strictly quasi-
convex quadratic function7:
iX) = xrCx —cTX vy, i"O. xrCi>0, (A. 1)
subject to the constraints of equation-inequality
A X<:b, X:>0 (A. 2)
I. min (XTCx —crx-|-y|x>0, Ax b} (A. 3a
7A function I(x) is quasi-convex if for any 0 < A< 1 of the convex domain x g D
and for conditions x1 and x- G U the inequality
I(AX1+ (1 - Ax2) ™ Alx) + (1 - AlX2

holds; this is invariably the case if Cis a positive semidefinite matrix.
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Besides, depending on the constraints, also problems Il and |1l are spoken about, namely:
Il. min x7Cx-c7x-|-y|Ax = b, x> 0} (A. 3b)

an I, min {x7Cx c¢7x-fy Ax<Cb} (A. 3¢)
Problems Il and Ill can be transformed to problem 1I; Il by means of inequalities
AXx<b and - Ax < —b: Ill requiring a variable transformation x = x+ —x_, x+J> 0,

X“ > 0, X7 = [x+¥ x->7] > 0.

The conditional extreme value calculation is generalized by the Khun- Tucker theorem
for the case where the constraints not only contain equations but also inequalities. According
to this theorem, the Lagrange function belonging to (A. 3a):

L= Xx7Cx—c7x -y+ tiT(Ax —b) (A. 4)

has a saddle point for the optimum solution for x° of the minimization problem (A. 3a), hence
there is vector u° with an inequality relationship

L(x. u°) > L(x° ii°) > L(x°, u) (A. 5)
for any x> 0 and u > 0. This fulfils of so-called local conditions

9L

_ 9L 7 9L | —
V= 0X (x°, U°) “ 0. %07 0X (X%, u°) ° (A 62, )
¥,: - 35, Il(x°, ) > 0, u«/l = [(x°, 0 =0 (A. 7a. b)

as necessary and sufficient conditions. OL/9x being a column vector with components obtained
by taking the partial derivative of function L(x, u) with respect to components of x: OL/9u
being a similarly interpreted vector. Lacking a non-negativity requirement for x, (A. 6a) is
replaced by relationship [23]:

(A.8)
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Anwendung der Verschiebungsmethode der finiten Elemente zur Lésung von Problemen
der elastischen Beruhrung. Die Kldrung des Beruhrungsproblems elastischer Kontinua bei
beliebiger Belastung und Flache ist sehr umstédndlich, da die Berihrungsbereiche im vorherein
nicht bekannt sind. Im Beitrag wird das Kontinuum durch eine Menge von Elementen mit
endlichen Freiheitsgraden ersetzt und auf das so erhaltene elastische System wird nach dem
Prinzip des Minimums der Potentialenergie die Losung der Aufgabe aufgebaut, die sich wegen
der einseitigen Verbindungen zwischen den Koérpern (die Kontaktkraft kann nur gegen das
Innere des Korpers gerichtet sein und wird dann als positiv betrachtet) als quadratische
Programmierungsaufgabe der mathematischen Programmierung behandeln [4Bt. Unter
Anwendung der Khun—Tuckerschen Bedingungen ist auch die zu dem obigen Primalproblem
gehdrende Dualaufgabe geklart, die es bei konkreten Berechnungen vorteilhafter aufzustellen
und zu lésen ist, als die urspringliche Aufgabe. Es wird vorausgesetzt, daB die Reibung und
Haftung zwischen den Kdrpern vernachldssigt werden kénnen und daB die Verschiebungen,
Formé&nderungen gering sind.

MpuMeHeHVe MeTOfa KOHEUHbIX 3/IEMEHTOB A1A PEeLUeHUs KOHTaKTHbIX 3afay. PelleHune
KOHTaKTHbIX 3a7a4 AnS CM/OLIHBIX CPefj MpU MPOM3BOMLHKIX Harpy3kax M KOH(Mrypauusx
SIBNSIETCS OYeHb CMIOXHBIM, TaK KaK 3apaHee HeW3BECTHbl 06/1aCTW KOHTAaKTa. B flaHHOW paboTe
CMOLIHAs Cpeja 3aMeLlaeTcsl MHOXECTBOM 3/IEMEHTOB C KOHEUHOI CTenmeHbio cBoGogbl. Ha
MOMyYeHHY0 TakUM 06pa3oM YMpyryr cucTemMy 6a3upyeTcsi — Ha OCHOBE MWHUMYMa MOTEH-
umMansHoil aHeprum pelleHVe 3aJaun, KoTopas BC/iefiCTBME OJHOCTOPOHHEW CBA3N MEXAy
Tenamu (KOHTaKTHOE [laB/ieHUe MOXET BGbITbHANpPaB/IeHO TOMIbKO B Te0, W B 3TOM C/lyuyae OHO
CUMTAETCS MOMOXKMTENbHLIM) B KOHEYHOM CUETE CBEfiEHA K PELLEHWIO 3afjaul KBafpaTUyecKoro
nporpaMmMnpoBaHus. Mpy UCnonb3oBaHWK ycnoBuii KyHa-Takkepa BblsiCHeHa flyanbHas 3ajava,
OTHOCALLAsACS K BbileY MOMSIHYTOW NpUManbHOl 3afave. MocTaHOBKa W pelleHne gyanbHoi
3a/la4n NpY KOHKPETHBIX BbIYUC/EHUAX KaXKETCS 6O/ee BbIFOAHOM, YeM peLleHue NpUMasbHON
3agaun. MpeanonoraeTcs, YTo TPEHWEM W1 CLEM/IEHVEM MEX.Y TeflaMu MOXHO NpeHe6peub, fanee
nepemeLLeHVe 1 aediopMaLys SBASIOTCS MalbAMU.
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