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Abstract
Exact second-order analysis of two-layer composite beam-columns with
weak shear connection which are subjected to transverse axial loads is
presented. Closed-form solutions for the deflection, interlayer slip,
bending moment and shear force are derived for simply supported beam-
columns. Results of the present paper are compared with the solutions
obtained by a different method as which is used in this paper.

1. INTRODUCTION

The present paper deals with the solution of a static problem of two-layer composite
beam-columns with imperfect shear connection. The considered simply supported
beam-column and its load are shown in Fig. 1. The beam-column carries the
transverse load and constant axial load. The cross section of the composite beam is
also shown in Fig. 1. The modulus of elasticity of beam component i is E, and its
cross section 1s 4, (i=12). The centre of the cross-section A4 is denoted by C,
(i=1,2). The E-weighted centre of the composite cross section is C. In the
presented numerical example which is borrowed from paper [1] the point C is on
the common boundary of 4 and 4, as shown in Fig. 1. The length of the beam-
column is denoted by L. The origin O of the rectangular Cartesian coordinate
system Oxyz is the E-weighted centre of the left end cross section 4=4,U 4,, so
that the axis z is the E-weighted centreline of the considered two-layer composite
beam-column with flexible shear connection. Denote the beam-column component
i 18 B, (i=12). A point Q in B=B UB, is illustrated by the position vector
@:r:xex+yey+zez, where e ,e e are the unit vectors of the coordinate
system Oxyz. It is known [2] that the position of the E -weighted centre C is
obtained from next equations (Fig. 1)

¢ =‘?C{‘ = tlié ¢, ¢ =‘CC2 = <Ij§'> ¢, c=‘?C2>

The common boundary of the beam-column component B, and B, is determined by

=h +h,, <AE> = AE + AE,. (1)

y=0, |x[£0.5b, (Fig. 1). The applied axial force acts on beam-column component
B. is denoted by P (i =1,2). The point of application of P, is the point C;, (i=1,2).



The magnitude of P, and P, are such that the point of application of the resultant
axial force P=PF+P, is the E-weighted centre of the composite cross section.
From this fact it follows that (Fig. 2)
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Figure 2. Illustration of the applied axial load.
2. GOVERNING EQUATION
According to the Euler-Bernoulli beam theory, which is valid for each

homogeneous beam-column components, the deformed configuration in presence of
constant axial load is described by the next displacement field

u=0, v=v(z), (x,y,z)€B UB,, 3)

M%@=m@%y%—j;a<x%@e&, @)
d P

W(p,2) = wy(2) —y— ——2—z, (x,y,2) € B,. (5)

dz  AE,

In Eqgs. (3-5) u 1s the displacement in direction of e , v is the displacement in
direction of e, and w is the axial displacement (Fig. 1). On the common boundary



of B, and B, the axial displacement may have jump which is called the interlayer
slip

s<z>=w1<z>—w2<z>—z(%— Asz j ©)

A simple computation shows that according to Egs. (1) and (2)

P P,
1 2 _ 7
AE,  AE, 0 ™
that 1s
s(z) =w(z) —w,(2). (8)

Application of the strain-displacement relationships of the linearized theory of
elasticity gives [3,4]
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From the Hooke’s law for the normal stress field the next result can be derived

dw, dv) P

Gz:El(El_ij_ia (xayaZ)EBla (12)
dw. dv) P

Gz:Ez(Ez_ygj_Zza (X,y,Z)EBz. (13)

The following sub-section forces and moments are introduced

N,=[odd=n-R, N,=[odd=n-P, (14)
4 4
where
dw d*v dw d*v

n = E 4, (El_cl Ej’ n, = E,4, [Ez+cz Ej (15)

dw d*v
M, =;!:ycrsz:clElAIE‘—El[,g—c,R, (16)
dw, d*v 17
Mz:J‘yasz:_czEzAzE_Ezlzy*'czpz- (17)
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Here,



I,=[y'd4, (i=12). (18)
Ai
It is evident, that
N,+N, =P, (19)
that is
n +n, =0. (20)

Equation (20) can be written in the form

dw d*v dw d*v
EIAI(EI—CIEJ-FEZAZ(i‘FCz?j:O. (21)

From the definition of the interlayer slip we have
dw _dw, _ds (22)
dz dz dz

Egs. (21), (22) form a system of linear equations for % and % A simple

computation yields that
—c,E A +c,E A =0. (23)

Combination of Egs. (21), (22) with Eq. (23) gives

dn _Edds_qds dw,  Ed ds ¢ ds 24)
dz (4E)dz c¢dz’ dz  (AE)dz ¢ dz
Inserting these results into the expression of N, we have
ds d*v
N, =(4E), (a—c@j—ﬁ =m ()= R, (25)
where
(AE) :M_ (26)
T (4E)

Application of the condition of equilibrium for the forces acting in axial direction of
beam-column component B, the following equation can be obtained [2]

2 3
%—T:<AE>I(£—cﬂj—ks=O. (27)



In Eq. (27) T =ks is the interlayer shear force and & is the slip modulus [1,2]. The
total bending moment is as follows (Fig. 3)
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Figure 3. Beam element with its loads.

where {IE}=1E, +1,E,. According to Fig. 3 we have the following equilibrium

equations
dv dM dv
—+f,=0, ——V-P—=0. (29)1.2

In Egs. (29) f,=f,(2) is the applied distributed force in direction of y axis,
V =V(z) is the shear force (Fig. 3). From Eqgs. (29) we obtain
d’M d’v

d22 —P?+fy=0. (30)

Substituting the expression M = M (z) given by Eq. (28) into Eq. (30) provides the
next result
d’s d*v d’v
C<AE>*I§_{IE}Q_PE+J(;:O (31)

The determination of deflection and slip functions is based on the solution of

system of equations (27), (31). Here, we note that the first-order analysis is based
on the next equilibrium equation

dM
———V =0. 32
+ (32)

3. SOLUTION FOR SIMPLY SUPPORTED BEAM-COLUMNS

Figure 1 shows a simply supported beam-column with distributed transverse load.
The boundary conditions for simply supported beam-column are as follows



v(0)=0, M(0)=0, n(0)=0, w(L)=0, M(L)=0, n(L)=0. (33)

We will use the Fourier’ series representation of the applied load in which means
L(=>7 sin%z. (34)
I
We look for the solution of system of equations (27), (31) in the next form

v(z):Zle sin%z, s(z)zZlSj cos%z. (35)
Jj= J=

A simple computation gives the next results for n =n(z) and M = M(z)

J=1

n(z)z—(AE>li|:jTﬂSj+c(jT”j Vj}sinj%z, (36)
M(z) = 2{—61]%(,41@)1 S, +(%j {1E} V]}sinj%z. (37)

It is evident functions provided by Egs. (35-37) satisfy the boundary conditions
formulated in Egs. (33). From Egs. (27), (31) and Eqgs. (35) it follows

(%)
V.:ﬁ S = 2L Vi (G=12,..), (38)

j _(J'T”T{IE}+P . (j=12,.). (39)

4. NUMERICAL EXAMPLE

This example is taken from paper by Girhammar and Gopu [1]. The simply
supported beam is shown in Fig. 1. The applied load is uniform distirbuted load
acting on the whole length of the beam-column, that is f,(z)=-f, (0<z<L). The

cross section of the considered two-layer composite beam-column is also given in
Fig. 1. The next numerical data will be used (Fig. 1): A =0.025[m], A, =0.075[m],

b =03[m], b,=0.05[m], E =2x10"[Pa], E,=8x10"[Pa], k=50x10° [Pa],
P=5x10" [N], f=1000 [N/m], L=4 [m]. In the following two cases are going to



be considered. The first case involves the first order analysis (P =0 [N]) while the
second case implies the second order analysis (P =5x10* [N]). The other data are

the same for both cases. In Figure 4a and 4b the graphs of the deflection functions
and the slip functions are shown, respectively. The graphs of the bending moment
fuctions and the shear force functions are illustrated in Figs. 5a and 5b, respectively.
The shear force functions for the second-order and for the first-order analyses are
the same as shown in Fig. 11. The problem for P=5x10* [N] was analysed in
paper by Girhammar and Gopu [1]. The comparison of results obtained in [1] and in
the present paper is given in Table 1. We note that the shear force 7'(L) in all cases
can be gained from equilibrium equation of statics, exact value of that
T(L)=2000 [N]. In the case of first-order analysis the exact value of
|M(L/2)|=2000 [Nm] which can be derived by the application of statics. In Table

1, M(L/2) is computed from Eq. (26) and V =V(z) is obtained from next
equations:
for second-order analysis

d’s d’v dv
V(z)=c(AE) ——{IE}——-P—, (40)
“dz dz dz
for first-order analysis
V(z)=c(AE) d’s, —~{IE} dv (41)
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Figure 4. The graphs of deflection and slip functions.
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Figure 5. The plots of the bending moment and the shear force functions.



Table 1. Comparison of results of second-order analysis and first-order analysis.

second-order analysis
paper [1] this paper first-order analysis
P =50000 N P =50000 N
W(L/2)| [m] 0.009276 0.009280398129 | 0.007559897176
|s(L)| [m] 0.0002775 0.000277736064 | 0.000228879711
|M(L/2)| [Nm] 2461.3 2464.019876 2000
T(L) [N] - 1995.947202 1999.189428

In Eq. (41) v,=v/(z) and s =s,(z) denote the deflection and slip functions,

respectively, which are obtained by application of the governing equations of the
first-order analysis.

5. CONCLUSIONS

Analytical solutions are developed for the deflection, slip and bending moment for
two-layer composite beam-columns with imperfect shear connection. The
considered simply supported composite beam-column is subjected to transverse and
axial load. The results of the first-order and second-order analyses are compared.
The obtained results illustrate the second-order effect to the displacement, slip and
bending moment functions.
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