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1. Introduction

The numerical study of fluid flow in turbomachines has been the subject of a great
deal of papers because of its practical importance. Flow in a turbomachine blade row has,
in general, a three-dimensional, unsteady, viscous nature, and numerical solutions for such
a general type flow are very difficult even when using computers with large storage capac-
ity. Therefore, until recently, the usual approach has been the reduction of the three-di-
mensional flow to the task of solving two two-dimensional problems. These are usually
the meridional flow and the cascade flow. To compute one of these patterns the other
one is supposed to be known. Thus the solution of the whole problem can be found only
by iteration. The aim of this paper is to present a solution of the meridional flow problem.

The main numerical techniques used for predicting the meridional flow in turboma-
chines are as follows: the streamline curvature method [1], [2], [3], [4], the matrix me-
thod [5], [6], [7] and finite element method (as well as the ones based on the calculus of
variations) [8], [9]. The potential theory can be applied succesfully to the cascade flow
problem [10], [11]. We can make use of experiences obtained. Similar methods are applied
to the determination of the meridional flow [12], [13].

In this paper a method is shown for the computation of the meridional flow in turbo-
machine handling incompressible fluid. The flow in the bladed space is supposed to be blade
congruent. When deriving the equation of the problem, we use one component ot the equ-
ation of motion, the equation of continuity, a simple loss model [6] and a kinematic condi-
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tion expressing that the blade surfaces are relative stream surfaces. The method is appli-
cable to the determination of the meridional flow in the bladed space of an impeller or
that of a guide wheel with arbitrary geometry and in a duct as well.

Notation
b factor defined by equation (3)
(B) boundary curve of domain (D)
c absolute velocity vector, w+ w X r
£ conjugate complex velocity in the meridional plane, ¢, — ic,
(D) domain
2
E energy per unit mass, U +'E— + %
e.e,, e unit vectors
f friction force
F blade force
F@®) complex function, rbc
G vortex-like distribution along boundary (B)
5 modified relative energy per unit mass, E — wrcy
n unit vector normal to the mean blade surface
p pressure
0 source-like distribution along boundary (B)
r radius vector
r,yz cylindrical co-ordinates
s arc length along boundary (B)
) energy loss per unit mass
U potential energy per unit mass
w relative velocity vector
a, B blade angles defined by equation (8) (see Fig. 1)
i complex number, z + ir
p fluid density
X angle between s and z-axis (see Fig. 2)
'] stream function
w angular velocity vector
Q'@ r) function defined by equation (11)
Subscripts
rez radial, circumferential and axial component, respectively
0 in front of the bladed space
B on boundary (B)
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2. The derivation of the basic equation

The incompressible fluid flow is supposed to be steady and blade congruent, thus
the flow will be axisymmetric. A simple loss model is assumed: the direction of the fric-
tion force f is opposite to the relative velocity w [6]. When studying the flow through tur-
bomachines, it is convenient to use cylindrical co-ordinate system, fixed to the impeller ro-
tating with constant angular velocity cw. In this system the equations of motion and conti-
nuity can be written as follows

(curlc)xw=F—VI+f . (1)
a br a bcz
ve) ) g @

In this last equation the blade thickness is taken into account by the factor b:

Sp
b=1 T (3)
where s, is the angular blade thickness, T is the cascade blade pitch. In equation (1) ] is
the modified relative energy, F is a nonconservative blade force vector normal to the
mean blade surface, which is in turn a relative streamsurface, consequently

F-w=0. @

This force F originally introduced by Lorenz [14] provides the energy transfer between
the blades of the impeller and the fluid. It follows from equations (1) and (4) that only
the friction force f has influence on the change of the modified relative energy 7 along
the relative flow path. Integrating the equation of motion (1) along a relative streamline
we find for steady flow

I=I,—Y' , (5)

where I, is the reference value of 7, which remains constant along any streamline for in-
viscid flow, and Y is the energy loss. Using test results Y’ can be considered as a known
distribution along the trailing edge of the blade, and it can be approximated by using
some sort of interpolation method along a streamline. By knowing this distribution and
the relative velocity w, the streamwise equation of motion can be used to determine the
friction force:

__w ay’
f_ w2 dl‘ i (6)

To reshape the equation of motion (1), let us multiply it by n X w/w?, so we
obtain

n-curlcz—#VI-(an) " 7N
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where n is the unit vector normal to the mean blade surface. This equation can be studied
in detail by introducing two angles & and § defined by the local geometry of the mean
blade surface, (Fig. 1).

€,
44

Y—"'__'W

RN

Z = const.

stream surface

Mz r=const.
stream surface

Fig. 1 Definition of blade angles aand 8
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n n
tga = ;11 : otgh=—" . (3)

A stream function ¥ may be defined from the equation of continuity (2) where

Kl

or €z az';*rbfr : ®)

By using equations (7), (8), (9) the following

Py LB o (10)

Poisson-like partial differential equation is obtained for V¥, where

Q' =g [b+r ia-‘f’-]—m, a—5+b a—g—:‘lctgﬁ—b %’-}ﬁltga'#-

or
rb ol
T = — (¢, —wr)ctgf] +
¢* — 2ure, + Wir? { ar[c’ © )ctgh]
ol
+ E[(cw—wr)tga-—c,]} ! (11)

This last function is determined by the blade geometry, the modified relative energy /,
the moment of momentum rc, and the meridional velocity. Since velocity components
¢, and ¢, occur in the term of Q (11), the problem can be solved by using iterative me-
thod only.

Let us see now what the corresponding equation for the stream function in an axi-
symmetric steady duct flow is. Equations (1)—(6) are valid now aiso if the angular velo-
city w and the blade force F are put equal to zero and if b = 1. By using the circumferen-
tial component of the equation of motion (1) and equation (6) we have the following re-
lation

e e e (12)
dt c* dt
This expresses the conservation of moment of momentum for an inviscid flow. When
there are losses, however, equation (12) shows that the moment of momentum de-
creases in the direction of flow. Our basic equation for the duct flow can be obtained
from the equation of motion for the direction e, X ¢ = c;e, — c,e, which leads to a re-
lation with no component of the friction force. By inserting y (9) into it we have

2%y o
A= az? +_5r—¥{=cz+
I | 9E_ | | ce, dlrey)  cep a(rc,o)]
c2 +c? [C" o raz ¥ r oz roor ! (13)
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where E is the energy. It is easily verified, that replacing tga and ctgf in equation (11)
formally by

CCyp
2.4 o2
c; top

€zCyp
c; + c?.

tga=— and ctgf=— (14)
(and of course w = 0, b = 1) equations (10) and (11) reduce to equation (13).

This analysis, leading to equations (10), (11) is applicable to the flow either in the
impeller, the guide wheel (« = 0) or the duct region of a mixed flow turbomachine [w =
=0, b = 1, (14)). For a pump impeller w >0, and «w < O for a turbine.

If the flow is a potential one in front of the stationary or rotating blade row, and
the loss on the cascade can be neglected, the equation of motion (7) reduces to

necurle=0 ,

since V[ vanishes identically. This equation shows that the curl vector is contained in the
tangent plane of the mean blade surface.

3. The solution of the basic equation of flow

The Poisson-like differential equation (10) wili be solved by Green’s integral theorem.
Let P(z, r) be a given point and (D) a single connected, bounded domain the closed boun-
dary of which is (B) (Fig. 2), then

.

(H’T(B]}+(Bgl4’(83]+(84]

—_—— -7

Fig. 2 Geometry of blade channel



PEWD), Y@
=L [Ayindas +2l 95%"1 Indds’' —- g2 tnd)as'. (1)
PE®), 0 L) ™ i) Y@ oF

Here d is the distance between the point under consideration P(z, r) and the variable point
of the integration P'(z,r"), dA is the element of surface, ds is the element of arc length
along boundary (B) and 3/3n denotes differentiation in the direction of the inward normal
to the curve (B).

It is convenient to use the complex analysis to the solution of this problem. Let us
introduce the complex variable { = z + ir relating to the point under consideration P(z, r).
¢'and {p will denote the complex vectors of the variable points in domain (D) and on
boundary (B), respectively. Applying the (3/dr + i9/dz) complex differential operator to
equation (15) we obtain

teD) %{’-H%%

i [Avdd, i oy af
ce D), 0 My §—8 2 dn $—ip

i g0 (1 ,
27:(?;&8?1'[{—{;9]@'

As 1/ — ¢p) is an analitic function along boundary (B), the last term of the previous
equation can be evaluated as

i 0 1 ' 1 9 1 )
5 E?[ r-r};]d" =w EF[:~§};J“" -

T @) ®)
¥ i ” ]
N N __lgSi'g ds
| t—¢p _ 2“(3) o t—tp°

where L is the total length of curve (B). Since y is a singlevalued function, the first
term on the right hand side of this relation is zero, thus

§ D), %‘ii+f%zg

=L [o4d4, L [Mwﬂ] " 16
& D), 0 2 5 $—8 217(25) on' o) -t - U9

Let us denote the complex function occuring on the left hand side of equation (16) by
F(£), and utilizing the definition of ¥ (9) we have
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+f?—az“’=rb(c,—fc,)=rb? , 17)

where ¢ is the conjugate complex velocity. The value of the function F({) jumps crossing
the boundary (B); two limit values are defined as follows

Fg)= 3¢

lim F§)=F'(p), lim F§)=F (§s) - (18)
f"*fB {—=ip
¢ (D) t ED)

According to equations (16) and (17) F({) is zero identically. The difference between
the limit values of F({) on the two sides of the contour can be written in the following
form '

F'(§8)— F(p) =F'(¢s) =[G (s) — iQ(s)]€X . (19)

Here x is the angle between s and z-axis (Fig. 2). The tangential and normal component of
function F*({3), viz. the G and Q can be represented as vortex- and source-like distribution
along the boundary, respectively. The walls of the blade channel (B,) and (B4) being
streamlines there Q distribution is zero identically. Generally, however, both G and Q differ
from zero at the inlet and outlet sections of the channel (viz. along the curves (B, ) and (B3)
on Fig. 2, respectively).

Let us return now to equation (16). Tankig into account equations (10), (17) and the
relation

equation (16) will have the form
$E€EMD), FE)

§€D), 0

_l_ LV dA _1_ N__ 2 ’ ds
» 2“0]')9 @ +2“LE?)S[G(S) 0]+

,. . (20)
B

In order to determine F({) on the boundary, the limiting case of equation (20) is to

be considered, when { - {. Applying the Plemel;j’s formula [15] we arrive to the following
equation:

F(:B)=[%— %+ 3]0 -igene—n+
dA ds'
£a—

+ _1_ Qu r o . _f_ o r '
- (£ @ o+ 2%51)5[(;(3) Q)] T2 L (1)

where
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one of the corner angles g, , ¢z, vc, vp (Fig. 2),
if {5 is a corner point,
‘p —_—

7, otherwise

In equation (21) the upper sign holds for the inner side of boundary (B), and the
lower sign relates ot the outer side. Here the surface integral is continuous over the whole
plane, and the line integral means a Cauchy principal value which always exists if F*(¢) =
=[G (s) — iQ(s)] e ™ is a continuous function of arc length s.

Let us see now what sort of conditions must be fulfilled for G and Q. For this purpose
the line integral of F*({p) along (B) is carried out. Since the angle ¢ = 7 almost everywhere
in equation (21), the line integral of F*({p) along (B) remains unchanged when y is put
equal to 7. We can write

§6F (a)dts = ~ gf[c(s)—rQ(s)le Nt +
(B

i 'y dAde+—¢95[G(s)—
Q
¥ (g(f!; ( (B)(B)

ds'dtg

By using the Cauchy integral and separating the real and imaginary parts of this integral
we have

Peyds=— f:z @.r)dd 22)
B)

sﬁQ(s)ds=o . (23)

(B)

The first of these equations shows the well-known relation between the circulation and the
vortex distribution. The second one is the equation of continuity.

4. The computation of the velocity distribution

Our task is to determine the meridional flow in a given meridional section of a funner
(or guide wheel) with prescribed energy and loss distribution over that and the inlet velocity
distribution is also supposed to be known.

Considering equations (11) and (20) it is obvious that the distribution of F*({) along
the walls and at the exit of the channel, furthermore the velocity field ¢ over the domain (D)
must also be known. Therefore our task can be solved by iteration only. The values of the
function F*({ 5) can be assumed upon test results at the inlet and outlet of the channel, but
these distributions are to fulfil the equation of continuity (23). When curves (8,) and (B;)
are not close to the bladed space (see Fig. 2), then G and Q can be assumed un changed on
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them. So the function Q has a fixed distribution along curve (B) as it has been mentioned
Q = 0 on the walis.

The following integral equation is obtained from equation (21).

F'ea)=[6e—igle =L [a'@r 4 +
i s AL 5
+ o SIee -6 £ (24)

The solution of the problem can be reached by the repeated application of equations (20)
and (24). In the konwledge of the (j — 1) -th approximation the j — th can be determined
as follows. By inserting the (7 — 1)-th values of 2" and G into equation (24) the j — th
value of G will be obtained

GO(s) = Re [FD(¢p)eX] , (25)

where Re [ | denotes the real part of the tunction in the bracket.
The recurrence formula is Intrcduced

GP* =gV + k[GP — D" (26)

with taking G©@* = G, Putting the values of G?* and Y~ into equation (20) the
j — th approximation of the meridional velocity components ¢, and ¢, wiil be obtained

1 o - 1 -
= CR(FOQ); o =~ —Im[FO)]

where [in [] denotes the imaginary part of the function in the bracket.

Upon these velocity distributions the j — th approximation of Q can be evaluated,
by which all the j — th values are known.

By selecting the value of k in equation (26) properly the convergence of the pro-
cedure il be faster than with the value k = 0. viz. in case of GU)* = G?_ The iteration
15 to be coniinued until two successive flow patterns are sufficiently close to each other.

5. Summary

in this paper a method is shown for the computation of the meridional flow in a
turbomachine handling incompressible fluid. The flow in the bladed space is supposed to
be blade congruent. The basic equaticn of the probiem is derived by means of the equations
of motion, continuity, a simple loss model and a geometric condition relating to the three
components of velocity. This is a Poisson-like partial differential equation which is solved
by Green'’s integral theorem using iteration. The method is rather general in nature. It is
applicabie io the determination of the meridional flow in the bladed space of an impeller
or that of a quide wheel with arbitrary geometry and in a duct as well.
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POTENTIALTHEORETISCHE BERECHNUNG DER
MERIDIANSTROMUNG IN STROMUNGSMASCHINEN

von
L. BARANYI

Zusammenfassung

In dieser Arbeit wird eine Methode zur Berechnung der in mit einem inkompressiblen Medium
arbeitenden stromungstechnischen Maschinen entstehenden Meridianstromung vorgesteilt. Die Stro-
mung im Schaufelraum wird als schaufelkongruent angesehen. Die Grundgleichung fiir die Aufgabe er-
gibt sich unter Benutzung der Bewegungs- und Kontinuititsgleichungen, eines einfachen Verlustmo-
dells sowie der kinematischen Bedingung fiir die drei Geschwindigkeitskomponenten. Die Grundgleich-
ung ist eine Poissonsche partielle Differentialgleichung und wird unter Anwendung der Greenschen In-
tegralformel, durch Iteration geldst. Die Methode ist sehr allgemein: sie kann zur Ermittlung der Meri-
dianstrémung im Schaufelraum eines Lauf- oder Leitrades beliebiger Geometrie sowie in einem rad-
freien drehsymmetrischen Kanal verwendet werden.

PACYET MEPHIHOHATIBHOI'O MOTOKA, @OPMHUPYIOIETOCA B H/IPABJIHMECKHX
MANHHAX C MOMOUIbK TEOPHH NOTEHLHAJIA

JI. BAPAHH
Peszome

B HacTose# paboTe MOKa3bBAETCHA OJMH H3 METCHOB /U1 pacyeTa MepUIHOHANLHOIO NOTO-
Ka, GopMHpYIOLIerocs B a3pOrHAPONHHAMHYSCKHX MallMHAX, paoTalOLIMX ¢ Hec)KHumaeMol cpenoi.
Mpearnonoxum, 4To B o6nacTy nonacre# yucno nonacteit GeckoHeuno. OCHOBO2 ypapHeHHe 3a[auM
noJNyyaeTcs ¢ OMOILBIO YpaBHeHHA [BWKEHHA, Hepa3pbIBHOCTH, OIHOH NPOCTOH MOJleNH MOTepH K
KHHEMATHYECKOTO Y CIIOBHA, OTHOCHLIIETOCA K TPEM KOMIOHEHTAM CKOPOCTH. JT0 YpaBHeHHe — KO-
TOpOe peliiaeTcs NpHMeHeHHeM HHTepanbHOH dopmynu [puHa, ¢ NOMONEID HTepalMH — MOXO0Xe Ha
muddepeHiuansHoe ypaBHeHHe [yaccoHa B 4aCTHRIX MPOMIBOAHBIX. ITOT MeTOMl 0BILENPHMEHUM,
HM T0/Ib30BaThCA A1 OnpeleNeHus MepHIOHOHANEHOIO NoToka, Ghopmupywoilerocs B o61acTu nomnac-
Teft paGoyero koneca WIH HanmpasJIALLIEro aNNapala HMEWILLEro MPOU3IBONEHYIO TEOMETPHIO TaK Xe,
KaK B KaHasne cBoGOIHOM OT nonacTe.
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