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Skid-free rolling of the steered front wheels of motor ears in eurves may be real-
ized with a reasonable approximation with the aid of the familisr trapezoidal steering
gear, by conveniently seleeting thelengths and angles of thelock of each rod of the steering
linkage. However, the divergence hetween the cornering angles of the wheels theoreti-
cafly needed for pure rolling and those practically realized by the trapescidsl steering
linkage in using this system may only be neglected with regacd to skidding in the case
if the wheels are. in & geometrical coneept, [lat circular dises sitoated perpendicnlarly
to the plane of the toad surface and the steering knuekle pine around which the wheels
may be tarned. are alse normal to the road surface. Owing to the actual position of the
medivm plane of the front wheels and to the finite extent of the Tubber tyres, noticeable
differences may oceur between the theoretical and ckective radii of cornering. This
paper shows how it is possible to design a trapezoidal steering linkage which, by assum-
ing the tyres to be cirenlar rings and taking into aceount the effective strering angle
of the wheels, makes the rolling of the front wheels in cornering — at least in curves of
a frequently applied average radius — theoreticaly prefectly, and in practice to be
aecurate with a fair approximation. The analysis concerns o cor having a rigid frent
axle,

™

1. The wheels are flat planes perpendicular to the road surface:
the axis of the steering knuckle pin is also normal to the road surface

1.1. Condition of pure rolling

If the wheels of a car rolling on horizontal ground are replaced by eircu-
‘planes perpendicular to the ground surface and the front wheels, as is nor-
| may be turned around vertical pivots, then the condition of pure rolling
smering is that the extension of the axles of all of the wheels should inter-
we single point [1]. Then, using the symbols of Fig. 1 (in a nearside cor-

[
tang, = E—j

- (lels=b)-
L [hy T e
andg, ; b
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344 L. HUSETHY

Here
a wheel hasze,
2h wheel 1rack,
W= Fo = angles at which the nearside and offside front wheels, respectively, are mclined to

the longitudingl axiz of the car,
# = distance of the centre of curve O 1o the longitudinal axis of the car.

The condition of pure rolling is expressed by the relations

i
Coty— eoty, ——.  (in nearside cornering)
a
(1)
2b
Cotqy, —cotgy=—, (in offside cornering).
o

derived from the above equations,
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The appropriate turning of the wheels is realized with a reasonable approx-
imation by the usual steering trapezoid (Fig. 2). This mechanism assures with
a very good approximation the realization of the conditions defined by rela-
tions (1) in the cornering of a large radius; the approximation is, in the case of
cornerings of smaller radii more unfavourable, namely, the front wheels
roll and skid and at the same time quicken the wear of the tyres, although
this is not so bad because, in general, drivers travel more slowly in bends
having small radii of curvature.

According 1o the arrangement represented in Fig. 2, the lengthening
lines of the arms of length r of the steering linkage interseet at the midpoint
of the rear axle in the ease where the planes of wheels are parallel with the
medium axis of the wheel track (i.c., when the car rolls along a tangent line),
inclining to the longitudinal axis with an angle o, thus:

i b

an@ =-—3 QoS =—_——¢_——, SO = — — .
a 1"'-&2—5—{!* Faﬂ_l_bi

(2)
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HUSITHY: KINGPTN GEOMETRY OF MOTOR CARS 305

metrical parameters of the hinged four-member linkage
smber of a length 2b, the arms of the trapezoid and the spur
_"- » following relation exists:

(3)

ot

: proved [2] that in the case of the steering trapezoid shown in Fig. 2,
sm between g, and ¢, with the symbols
s

o

f_

g_'

2b
[

S

Y1 [f+gsin (g~
L I[f"'f* sin h"n"‘rﬂ] {5]

rcos (@, =)

§o = arclan

+w—90%,

-+ arctan

2b—rsin (@, +2)

srmulas (1) and (5), the deviations in the locking angles of the wheels
and if the geometrical parameters are given.

pnrnm Hunporseee T4, 1071
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g = Zmg
== “.F!n m,
I = 0% m
Then, according to (3)
. )
r= ]"".h — ~_fz—_-l.},‘l{'lu m
b "
& = are tan s = 145027187 5
[ET .
_|I' = = E_Ir' — 'I.L_-'!lln.- N
"
i _*f‘ ~ 1111,
w— " = B | 1
> : ==
: i=09m | I
d...". fa | I
b )
[ |
\ £l
h y 5T
L] [
) |I Oy

Substituting these numerical data into Eq. (3} one ahtains
are tan “"El_lrl.rl_"_ L Tlll";'iu_{-r;_-.... = ]‘_'ih”grl-ﬂ”} __""-5['6'_1= e
¥y a0 506 — 0.0 [L11L sin (py--14°027107) — 0.512]

L 0206 cos (py = LPOZ0D) _ q5050:50
: - il % LA = ST R .
- are tan 1 o i (et IOZIO)

The condition of the exact rolling wil b the given data will be

iy = arceot (0,3 4-cot Pr)-

value of §jy, realized by

O thié hasis, the correct valaesod ¢, and the spproximate
The values of the rad

mechanism should be calenlated for some valpes of the angle @,
curvature p associated with g, are alao given:

a
p=— —L b,
L iy
with the siven numerical values
o§
p=———+0i.
tam iy

The results are listed in Table L.
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EINCPIN CEOMETHY OF MOTOR CARS

Table I

T e

0° L L
9% 127567 U £ 0720 06" 11,84 m
b 17° 867557 I PR ET88 0= 507387 3,99 'm
30 o 087217 | 257 40°17" 1317567 396 m
40 I 307357517 | 31° 437317 1% 07740" ZEE m

--:ﬁumgrrimi arrangement of the sieering gear assuring pure rolling

ing into account the conditions of pure rolling, relations should be
between the geometrical parameters defining the positions of the
d the front wheels which would permit the construetion of an ideal

B Fear.
) It seems to be practicable to follow the interscetion line of the planes
ront wheels in cornering or — which from the viewpoint of the analysis
walent to this — the piercing point M on the ground plane of this inter-

2 line.

I Flg. 4, the system of co-ordinates xv, fixed to the car, lies in the ground
origin of the system of ¢o-ordinates is the midpoint of the front axle
, the x axis being the centre line of the car directed to the driving

sad of the intersection point of the traces of the planes of wheels,
of 1ntcr5¢¢m:ru M of t]:m lines (e.) a.n.& {eq) mtersecﬂng the points

n@amldc COrnering llu: -.,quatmn of the line (¢,) is:

y—b=xtang,,

h '_ﬁgnatiﬂn of the line {e,):

y+ b =xtang,
the case of pure rolling:
0 (14
tan@, = ———, tang,= ——, == ).
Pr Q—b Ty E+b‘ “El‘f‘ ]

r these terms into the equations of the lines, yields

x
o+b
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Fig. 4

After solving this set of equations the trace curve of the point M (by
nsing the parameter o) is, in nearside cornering

Xy 2 QE -
' a (7)
¥aa 2
and in offside cornering
BE_gE
Xy = ———" ¢ ;
it (8)

Nt = Fe-

As the radius of curvature varies, point M describes a second-order curve;
by making use of cquations (7) and (8) and by eliminating the parameter, the
equation of this curve will be

it =t — e (9)
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EINGPIN GEOMETRY OF MOTOR CARS 300

This is the equation of a parabola; its diagram is shown in Fig. 5. The
curve intersects the x axis at the value x; = /o and the ¥ axis at v, = +b.
From equations (7) and (8) it may be seen that the radius of curvature g, = 0
iz associated with the zero axis (which does not actually oceur; with the increase
of p. the absolute value of ¥ is also increasing, thus, in the case of p ~ =, point
M tends to infinity along the parabela. Practically. the branches of the para-
hola starting only from the points corregponding to the minimum parameter

¥
e

‘%er
'[Emln

L
g
1L i

b
R

L eF
HM;T

Fig. 5

O depending on the structural charaeteristies of the car, may be taken into
account (in Fig. 5, these branches of the parabola are represented by contin-
nous lines). Consequently, the possibility that the accurate turning of the
wheels could be controlled by moving, for example. the intersecting point of
the arms mounted parallel to the wheel planes should be rejected (this would
imply a number of structural difficulties. not to mentioned that, in this case,
just the straight travel would be impossible becanse point M will be removed
to infinity).

b) One of the feasible stroctural solutions (at least in principle) is as
follows:

Let us consider the interscetion point M of the lines (¢,) drawn through
point L and parallel with the plane of the nearside front wheel and () drawn
through the point K normal to the plane of the offside front wheel at different
positions of the wheels.

According 1o Fig 6, the equation of the line (¢, ) isin a nearside cornering

y—b = xtang,,
that of the line (e}

1
R
tan gy,

by making use of the above conditions of pure rolling

Aetn Tecknica  Academine Seiontiarum  Hungerieas Td.
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- El = — EI Ty
£ (10)
b
i e
&
: r
= \\HH\"\ |f'r{\|‘?n
%
o ¥
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e oK
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= |
Fig. 6
Solving the set of equations (10) for the co-ordinates of point M
2 ab b
M = ,,—EE 3 l
e 2 bt (11)
0% = b —u
) b Za b (e )
Yum bt

will be obtained. Elimination of the parameter p from Eqs (11) yields the trace
curve of point M '

(6t B) (y— bt (axF-by — B) = 2a*b(b ). (12)

It can be demonstrated that the trace of point M is the same as that above
also in the case of offside cornering. After arranging, Eq. (12) takes the simpli-
fied form

ax? 1 2bxy 4+ ay? — 2bx —ab® — 0. (13)

This equation should be reduced to the normal shape with the aid of the famil-
iar method of transformation of the second-order curves, First, the system af
co-ordinates xy should be rotated around the origin with an angle 7, to obtain
a system of co-ordinates £, whose axes will be parallel with the principal axes

Arta Techiiea Acndrmizo Seirtigewm  Huagericos b




EINGHIN CEOMETRY OF MOTOR CARS

of the curve (13). Substituting the familiar EXpTessions

x* = Leosf—ysin g,
= Esinﬁ-—!—ﬁcusﬁ

Fig. 7

into Eq. (13), arranging and setting the coefficient of the term £, 7 equal to
zero, 1 = 45° will be obtained. In the system of co-ordinates rotated by 457,
the equation of the curve will he

(& + B& + (a — by — J2 8 + V2 b —ab: — . (14)
After rearrangement, the equation of the trace curve of point M will be

2 P 2

[* 'zfﬂ-esﬂ [’3’* 2—3’ -m‘J
— o] L ey (15)

a® bt - a’h?

(o b) (at-b)2 (b)) (a—b)®

Thus, the trace of the movement of point M is an ellipse, the principal

axes of which are rotated by 45%in comparison to the system of co-ordinates X3
in the new system of co-ordinates <1, the centre of the ellipse, is the point

l'rj B2 ! I'Irz E.‘.{ J
= [E'{éﬂ; Y a0
(Fig. 7).
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402 L. HUSZTHY
Thi length of the semi-axis parallel with the axis £ is

i
(a48) Ja— b~

and that of the semi-axis parallel with the axis 1 will he

B TR
(e —b)ath

Although guiding of point M along an elliptic curve might be realized
through the appropriate design of the steering mechanism, however, this re-
quires straight-line motion slide bars, besides, in the course of steering, the point
M should slide on both of the arms parallel to the plane of one wheel and per-
pendicular to the plane of the other, respeetively. The great number of the slip
Joints built into the sleering mechanism make it intricate and presumably
would result in 4 larger inaceuracy in steering than that oceurring in the usual
steering trapezoid; the straight line motion guides realizing the movement along
an ellipse should he arranged very carefully in g ¥EIY accurate position, praral-
lel to the axles £ ang - All of these circumstamess are against the building up
of 2 mechanism realizing an aceurate rolling.

1.3. Approximate determination of the Ppropertions of the steering trapezoid

A steering trapezoid having entirely arbitrary ﬁmnns—-—apart from
the turning angles of the wheels Fn =P =0 — gan approsch the condition
(1) of pure rolling only with a very significant error.

The problem is to determine the proportions -lfﬂle:stmﬁng mechanism,
with the reservation that also in the case of the practicably possible turning
angle of the wheels, the condition (1) should, as far 4= possible, be perfeetly
satisficd. .

Assuming that the arms of the steering trapezoid (in the position repre-
sented in dashed line in Fig. 8), compared to e basic position, have heen
turned away by angles Tp and g, corresponding to the skid-free rolling. Let
now @, and g, be the wheel rotations associated with the cornering of minimum
radius of curviture, and the value of 25 Eiven.

The length | of the wheel-track bar is constant also during the movement
of the mechanism, thus, the length I in the turned POsition must equal the
length readable from the mid-position

I:Eb—zrﬂiuzrﬂ‘{b—-rainz]. (16)

Acta Trchnice  Acodemian Heleaginrum Hungaricns T4, 1973




EINGPIN GEOMETHEY OF MOTOR CARS A3

According to Fig. 8. the co-ordinates of the point L, of the left arm of the steer-
ing trapezoid are

x = —reos (¢, + =z},

¥, = b—rein (p, + z).

(17)

L{gb)
x 5 -
Rioy-5)
Fig. &
Those of the point R, of the right arm:
X, = —r Gos{o —ipy),

Ya, = —b + roin(a —gy) 8

The distance between the two points L and R, is
= I'II{'E| o xﬁ‘t}g'i' l:j.l'.: .T_.F?;}g :

and by replacing the values (17) and (18) of the co-ordinates one ohtains

B = [—rcos(p, + «) + rcos{a — g,) P
+ [b —rsin(p, + =) + b—r=in (@ —g,) P

Accordingly. the constancy of the length [ may be expressed by the equa-
tion

_ ;
Vb=—f-r{sin£x —go)-Fsin(ato.) ]+ 2L —cos(2a-t g, — gg)] = b—r sinz,

remembering that

0

col g, cotiy, — 2 (19)
1

Acle Trehimica  Aewdemine Scientierum Hungericos 74, 1978
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In order to realize a skid-free cornering, the equality (19) must be valid
i respect to each pair of angles ¢, g between which the relation (1) exists,
m the case of certain length values. The deviation from condition (1) oceurs in
the case of the maximum values of angles iy and ¢, associated with the minj-
mum radius of curvature; one should be satisfied by adjusting the sleering
trapezoid to an aceurate performance at this pair of angles.

Accordingly, with the given values of a. b, a pair of angles ¢, ¢, should
be assigned which satisfies Eq. (1) These were replaced into Eq. (19). Then, in
Eq. (19), either the value of r or that of o may freely be chosen. The solution of
the equation is simpler, from the viewpoint of the caleulation technique if one
adopts the value of  and that of r to be calculated. This being done, the value
of Lalso is yielded by Eq. (16). Then, the angular deviation of steering should be
checked for cornerings of greater radii of curvature.

{(Usually the length r of the arm of the steering trapezoid is assigned and,
on this basis, the angle & determined by making use of Causant’s method of
construction [1]. This method of construction consisting of a number of steps
which meanwhile also requires the measurement of a length defined by caleula-

tion, gives the angle & as a final result. In measuring the angle o, maccuracy
may occur; from the angle = the measured length I of the wheel-track arm may
be obtained by a further ecaleulation: here again another error may be commit-
ted). In the procedure suggested above, every step is made by calenlation —
with the desired accuracy — and the value of & does not even oceur in the pro-
cedure of the calculation.

Example
Let #=21m b=105m,
be and in the nearside cornering the minimum radivs of corvature
Fn = 457 (Fig. ).
If one adopts the value of the angle 2 in such & way that the lengthenings of the arms of
the steering trapezoid intersect the rear axle in the midpoint, then

e Ll il
AR g

Lan @, = tan 45° =
from

The trigonometric functions in Eq. (19) may be expressed as tangent Fanct'ons:

. Lamn &
S0 % = —

1t e 17
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o e i b e - o
% VIl ftante [ Titante, Vit tants  Jldtante,

: . Lan ¢ 1 1 tan
) = e e e ol o
T 5 tonte Fl-+tanip, I -F tant=z 1 +tan®p,

cos {2 - pp— ) = cos e - (e —w5)] =
1 1
1t tanfa  Viftang, VI tam gy
67
¥

= [(1 — tan®s) (1.4 tangp, - tange) —

— 2 tan o (tam @ — tang, )] =

|_betbm | pe0iSm, |

Replacement of these values into Eq. (19) and arrangement of the equation yields:

Bz w5 %)

From this, it iz found that
r=030"m,

farther
I=2bh— Zreinm— 0842 m .
With these values the mean error of the steering sngle may be calenlated from Egq. (5)
by way of proving.
Accordingly. the numerical data are as follows:

g=2m, b=105m, r= (326 mo [ = 0,842 m,
S R P

oo — 60 B = sy s e T

o = 14027107, o — " = —T57 57507 .
F--‘LI:F_ -

— - 0,542 ,

a
'f" = 1,188 .
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405 L HUSETHY

With these values the exact value of the angles.p, have been calenlated with the aid
of Eq. (1), to the assigned valnes of g, and the effective angles g, by muking use of Eq. (5%
farmed by the steering trapezoid construeted with the above dimensions and angles.

Table 11
| | |
Fr i Fre Tuw—Pa g
|
| oo I | s
= L] | ] 1] oo
10 ‘ gr19567 | BUSLAAT | —0® 10T | 1184 m

ag” | 17° 06°55" | 167 4549° | —0°21°06" | 5.9%9m
300 24° 08217 | 28" 447197 | 40° 35387 3.96 m
4° ‘ 30° 357517 | 30° 417147 ‘ 0t 050237 286 m
45e | 345304367 | 347 307867 | 0° | 250m

The distribution of the errors is more favourable than that in Table 1.

, 2. A more exact investigation of relling
2.1. Appreximation of the tyres with circular ring surfaces

In comnering, the front wheels of a vehicle do not roll on theoretically
Jesirable curves. As an approximation, let us assume the tyres to be eircular
. rings coming into contact with the ground surface. Further. let us take into

acecount the actual position of the planes of wheels in the medinm position as
well as the obliguity of the steering kn nckle pin.

k=

=

j},_n__

| | |

st

Fig. 10
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EINGPIN GEOMETHY OF MOTOR CARS 4407

Let us complete the plane orthogonal ¢o-ordinate system with a = axis
(Fig. 10). The tyres should be considered with a reasonable approximation to he
circular ring surfaces coming into existence by rotation of circles in the plane
¥z, with a radius R and of centres (0; +b; —d), and (0; —b; —A). about the
¥ axis.

Aceordingly, the position vector describing the surface of the nearside
front wheel (Fig. 1) will be

F=b-1 K — f{o: b: o} +

4 {4 - Rcosu)sinv; Rsinu; —(A4 + R cos u) cos v}, (20)
and that describing the surface of the offside front wheel
to=—b + K = {o: —b: 0} + 1)

+4{A4 -+ R cos u)sin vz R sin u: —{4-+ R cos u} cos v}.

The medium plane being initially normal to the ¥ axis of the circular ring sur-
faces, should be tilted according to the angle of inchination & of the front wheels
(Fig. 11). The vector K included in Egs (20). (21) of the surfaces, should be
rotated — by displacing its origin from the system of coordinates — with an
angle & at the nearside wheel and with — at the offside one about the x axis
(the sign being assigned to the angle of inclination 4 is established by looking
in the direction of the positive x axis). According to Fig. 11 — if the x axis is
directed inwards, normal to the plane of the figure — in the case of rotation
with a positive 4 angle, the rotated axis unit-vectors are

o= {1; 0; 0} =1,
B, = {0; cos d; —sin b},
Gy = {0 sin &: cosd}.

Acecordingly. the matrix retating about the x axis

b

1 0 0
F.=10 cosd  sind|. (22)
0 —sind cosd
Jbl};“._'_._i‘h' x ___I_ ':L{dﬂ
P (l\/ i Hea
i ——

O 2

e /.ryf?/él.r; e

Fig. 11
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The angle of convergence of the front wheels may be given in such a way
45 to rotate the vector K, already rotated about the x axis, about the = axis —
by displacing its starting point into the origin of the system of co-ordinates —in
the case of the nearside wheel with an angle —z and in the case of an offside
wheel, with an angle ¢ (the sign of £ being established by sctting enesell oppo-
site to the direction of the positive s axis). According to Fig. 12, if the = axis is

/

)

—— L = = r | = -1
| I"-,_ i

-y 4 e

* 0= 0=3

Fig, 12

directed outwards, normal to the plane of the figure, in the case of rotation by
an angle ¢, the axis unit-vectors rotated are

g, = {cose;sin g 0.}
#, = {—sin &5 cosz; 0,}
Be= {0; 0; 1} =E.

Accordingly, the matrix rotating ahout the = axis, is as follows

cos g —=sing 0
F, = |sin ¢ cose 0f. {23)
] 0 1

When steering, the wheels are turned around the steering knuckle pins
with angles g, and ¢, respectively. The steering knuckle pin iz not parallel
with the = axis but is inclined at an angle % to it in a plane parallel with the
plane xy. (Here, the “side spread” of the steering knuckle pins will be dizre-
garded which, in certain types of cars is actually equal to zero, if the steering
knuckle pin is placed in the median plane of the wheel).

In the case of rotation with a positive angle %, the axis unity-vectors if
the y axis is directed inwards, normal to the plane of the figure, according to
Fig. 13 will be as follows:

hy = {cosz: 0 sin =},
he = {05 15 0} =7, (232)

g = {—ein 2z 0; cos ).

Acta Tochinien Acodemisn Sciantisrem  Hungsricos it A L
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Accordingly, the matrix of rotation is

eosx  0 —sin =
Gy, = 0 1 0 . {24}
simzx 0 COE 3
-
P -F//.—'z:-'.-:.. A,
Fig. 13

Similarly, the matrix of the rotation by an angle ¢ about the z axis:

cosgp —sing 0
G =|sing cosg 0. (25}
0 it 1

The equation of the wheel surfaces running in cornering

i G,G. FE.F.K, {nearside wheel)

= = | (26)
=b+4 GG EF K. (offside wheel).

R,
R,
In order to shorten the caleulations to be carried out. the product of the
four matrices being before the veetor K should be formed:
M=6,6.EF. =

cosx 1l sin ] [eosg —sing 07[eos & —gine 07T1 ] 0
= o 1 0 sing  cosq A0 [ain £ 8028 IJ] 0 cosd  sind|. (26a)
sinx §  cosx 1] 0 I i 0 L[ —sind cos

Carrying out the multiplication and certain useful trigonometric transforma-
tions, we have:

cos %008 (p 4+ ) cos x cos dsin (g < ¢) 4 sin o sin 6
M= [ sinfp 4 &) eos & cos (g f 6} *
sin ¥ cos iy 4+ ¢) —sinz eosdsin (g + &) — coswaind
— £0s5 % sincd sin g - £) — sin % eos D
= ain & eos (p -+ £) J
— eins sin dsin (p - o) + cosxcos

In nearside cornering, in respeet to the nearside wheel

Acta Techiden Acodomive Scimuinrum Hungaricae 74, W73
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i

TP = '];
0,

and for the case of the offside wheel:

P=ipr, >0,
e ==0,

B0

in the product matrix M the signs of the trigonometric functions should be
assigned accordingly,

Determine now the eontact points of the frons wheels assumed to be
¢ircular rings and the ground, in the ease of turmning angles ¢, and o
wheels. Due to the different turning angles of the whee] planes, the horizontal
tangent planes of the front wheels in the given svstem of co-ordinates do not
coincide with the initial plane = — —{(4 + R}, but these tangent planes wil]
slide somewhat upwards, owing to which, the car will he slightly tilted as Com-
pared to its normal position, however, this tilting will he disregarded in the
following. Tn arder 1o determine the contaet points of the surfaces of T¥Te sur-
faces and ground, the nermal vector

n= (ME); (ME): (27¢)

of the tyre surfaces

should be caleulated, taking into account that s « constant vector.
Since the matrix M does not involve the variables u, o, therefore, the
normal vector might also be caleulated in the form

n= M(K.x K)-
.' ; H 3
R",_f e f; = |——R sin w =in Reosu Rsingcos v
| {4 - R cos weos ¢ 0 (4 Reos t)sin v I

= R{A - R cos u){cos u sin v S u: —cos u cos v).
The tomponents in directions  ang ¥ of the normal vector
7= M(K, %K) - in.s mys n.)
associated with the horizontal tangent planes gre equal to zero
ny =0 ny = 0.
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In the multiplication
R(4 + Rcosu)cos usin e
n—= M|R(A + R cos u)sin u (29a)
«—HR(A + R cos u)cos ucos v

cvery component of the resultant veetor includes the factor R(A + R cos u). |
which may be factored out. This having been done, the set of Eqs (29) will take |
the form

R{4 + Reosu)(...) =0,

R(A + R cos u). ..) = 0. (29h)
From

A4+ Rceosu =0,
A

COE N = T E
R
would be obtaimed, the absolute value of which, considering that the wheel
dimensions, are greater than 1. thus, from the viewpoint of the solution of the
problem A 4+ R cos u == 0, it is sufficient to carry out the multiplication

COS B SiNT
M sin o (29d)

COS I Cos ¢

and to set the first two components of the resultant vector equal to zero. After
performing these operations, the following set of equations will be obtained:

[cosx cos(g -+ &)]eos usin v - [—cos % eos b sinfgp &) + sin » sin $]sin u +
b [—cos 2 sin 6 sin(y + &) — sin % cos 3)(—eos u cos v) — 0, (30)

[sin{p + e)]eos u sin v + [cos & cos (¢ 4 ¢)]sinu +
—+ [sin & cos(p — £}](—cos u cos o) = 0.

Replacing from the values of the parameters tty, v, found from the set of equa-
tions (30) those associated with z < 0 into Eq. (26), the points M, and M, may
he obtained at which the nearside and offside wheels, respectively. come into
contiact with the ground.

Also the radii of the effective eurves of rolling of the two front wheels
should be defimed. Let the-_;-'_ anil —j be axis unit-vectors, the normal veetors of
the medium plane of the front wheels having vertical medinm planes, Taking
mte account the turns applied to the wheels in cornering. the effective normal
vectors of the medinm planes of the wheels will be the vectors

:-‘i."n = ."l-:'.':l-r:1 {at the nearside wheel)

{30a)
Ny = M(—j), (at the offside wheel).
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N,y = I.m] "'_"&2 ﬁa} [0
1

iT\'Tn == ["_"-‘i i;":: ﬁa] [

[

By making use of matrix M given in (2

the column veetors of matrix M are designated with the symbols m,, i, m.,

-

= MMy,

(30B)

—1 |=—7,.

0

T), on the basis of the ahove results

N, = {—=¢os ¥ eos § sinfp - &) + sin » sin §: = gy
cos O cosly + £); g=<-0 (31a)
—#in % cos & sin(p L £) — cos z sin 8}, d =0
and
Ny = {cos x cos § sin{g + £)— sin » sin 4- P =g,
—€08 0 cos(p 1 o) e >0 {31h)
SIN x cos & sin(p &) 4 cos x sin a4}, 6=

Hereafter, the piercing points C. and

€, of the normal lines

Tom = b+ AN, G
_an = _"ﬁ - J_"aru

and the associated contact planes of the wheels gshould Le determined: the
segments EE:_— A E{.‘; = p; are the cffective rolling radii of the fromt

wheels,

Example

Let ug use the data of the first examplé, then we have

B = 455 gy = 34° 39367 o 340 4,

=:1F, &=—=10 N8

For the nearside wheelp, =0, r=0, &~ .

forther be A = 20 em, BE=17¢m,

sin iy 4+ ) ='sin (457 — 2% — G g3s — 0.62200,
COE G, - £} == cou {452 27 = cos 45 = 0,73135,

sin 't = gin 1" — 001745, cos 6 = cos 1

= (99985,

BiM 3 — gin 3% — L5284,  cosi = pog 3¢ — 099863 .

To the first equation of (30):

C08 3¢ - o8 (ip, | £) = 0,99863 « 0,73135 =

= (LT3035,

COS & - ees 6+ sin fp, + ) = 099863 « (99085 . 068200 = ,68096 ,
5l 3 - min o — (05234 - D,01745 - RTITHE D
ensi - sind - sin (g, + &) = 0,99863 - 0,01745 - 0.68700 — 001188 .

sinx -« cos & = 0,05334 - 0,999385 = 00523

Acta Teohsica  Aeqadmniai Selmbiariim Husngoriear 74, 1973
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To the second ecquatinn of (30):

cos 8- cos . L e} = 0,90085 - (1.75135 — 1 T3124
sin 6+ cos (g, + r) = 0,01745 - 073135 — 0.01276 .

With these values Eq. (30) will be s follpwe:

073035 cos w « sin v — 068005 sin o + 006422 cos - cos o =0,
LGB200 cos - sin e F 0.73194 i m— 001276 cosn - sing = ().

The solution of this set of equations ie:
wy =3703", o, =0".

After substituting these values. the vector A aggociated with the horizontal tangent-plane of
the nearside front wheel will be:

K, = (4 + Reosu,) sinr,: Rasin gy = (A + Rcosugd cos vy |
= { 0: 0,0037; —0,2699 | _

The M matrix according to (27) with the numerical elements:

M = [0,68200 073124 001276
003828 —{L05312 0,997 86

[‘IJ'.'?ZIG-':IE —A.68005 — 006422 J
The pasition vector asseciated with the point of eontact of the nearside wheel and ground
R,=b 4+ ME (u;; v)=
0 003824 — (L 05312 099716

= {0.01481: 049982, —0.26951 }.

02699

i T30355 — L 62005 — 06422 r
= | 0.5 | -+ [ﬂ,ﬁﬂﬂﬂl} 0,73124 G.IJIETIEJ L0037 ] =

Thes, the point of contact of the nearside front wheel and ground
M, (001481 0.49982:  —0,296951).

According 1o (31a), the normal vector of the plane of the nearside front wheel turned by an
angle @, is

Ny =, = {—0,68005: 073124 — 605312 o
Equation of the normal of the plane of the nearside wheel

Fon=b 4+ AN, = {0; 0,5 0) = 2 { 068005 0.73124; —0,05312} —
= {—0,68005 A:0,5 L 0,73124 &; 0053124 |,
With this normal the tangent-plane characterized by the equation
== —0.2095]
of the nearside front wheel should be piereed throngh.
From
— 005312 2 = —0,26051
A= 5074,
Substitating thic value into the compaonents of the vector 7., the piercing point (vertex of the

rolling cone) ia:
Cn (—3,45057: 4.21031: —0,26051) .
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e i of g of the nearside front wheel

O = ]'.I-.i':.?_[—.:” E= 1[' ';I.H" _I{'.'n‘]&_‘r.{_}"mn —_J"L‘r_rj: Foe 3 M0 1 -

The theoretically exact value being

g = V2= + 32 e 2,82 m,

*:

Fig. 14
The value of the angle fi;; 1o which the actual Tadins of rolling is inclined in the direetion of the
y axid, iz as follows:
can By = |20 = ZEn_| — 0,92596 ;

. | ¥Cn—¥Mn |

from this:
i o il
the theoretically exact vilue heing
L By =457,

For the offside wheel:
P = 340
;PR [ T A 3
ain = —{LBLT45, cos § = 0.99985

itz amd. eos %, 88 Eiven above, farther

sin (g L~ £) = sin 36°40" = 059716,
cos [, -+ €) = cod 164 = 030212

With these numerical data mateix {27} will be:

0.80102 —.59716 —0,04192
M — |059716 0,80200 —0,01400 | -
(,04198 —,01382 0,99903

And the set of equations {30} will have the form:

080102 cosm - sin T — (159716 sinw L 0,04192 cosu - CORT = 0.
059716 cosw- sin 080200 gin n o+ L (KOT400 cosm - TosE = .
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Salations of this 2¢t of equations are
g = — BT 5 e | A
With the values ahitained

Ea — K-“‘U: ) =
= I {4 + Reosug) sinng Rsinu,g —(4 -+ R oeos ug) cosw, T =
0 —0.00098;  —0,26999] .

The position vector associated with the point of contact of the elfide front wheel and ground:

ﬁ-,, e ﬂf}e{u“: RS

i 1] 0,80102 —i,50716 —004192 0
= |—43 | + 059716 080200 —, 01400 —{, 00098 | =
i 041948 — (01382 0,00903 | | —0.2649%
= { 0,01191; 150408 —0,26972 .

The point of contact of the offside front wheel and ground will be
M (0.01101;  —0.50408;  —0.26072).

By comparing the 7 co-erdinates of M, and M. it is to be seen that the deviation is not notice-
able, os has been stated ahove.,
Accordine to (31h), the normal vector of the offside front wheel turned away by an angle

R —
N, o e = § 059716 —0.80200: 001382 }.
The equation of the normal of the offside wheel-plane:

$ o= —b ANy = {0; —0.5; 04 A{0.59706; —0.80300; 001882 | =
~ 059716 A; —0,5—0,80200 4: 0.01382 4 } .

With this line the tanzent-plane characterized by the equation

= e —AL26792
shonld be pierced throogh.
From
0.01382 4 = —0.26972
A =—1951.

By substituting this value into the components of the vertor Ty, one obtains the piercing point
{veriex of the rolling cone):

€y (—11,63060;  13,14702:  —0,26972).

The radivs of rolling of the offside front wheel:
i = TGy = Vishta— e (g —yCoF =< 1932 .
The theoretically exact valoe 1
Fy= -Fi!ﬂ -—3-5 =301 m.

The angle f; at which the actual rading of rolling i= inclined in the direction of the ¥ axis,
may be fonund as follows:
My — Fy | = (74515 ,

tan i =
Fo FMy— ¥Cy
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from this

fo =36"42%,

while the theoretically exact valoe is

Ty = fp = 340"

The conditions are shown in Tig, 15,

Fig. 15

From the above example it might be coneladed that it i= no use to define
the proportions of the steering trapezoid in sueh & way as to try to approxi-
mately fulfil the conditions (1), even at large steering angles of the front wheels;
in the case of application of the actual wheel=, in 2 ecornering of a small radius

of curvature, the radii of rolling of the front wheele significantly differ from the
values theoretically required.

2.2. Construction of a trapezoidal steering linkage permitting only reduced
shidding

The following parameters of a vehicle should he given:
a, b;idoe e

Let us choose a cornering having an average radius of curvature g; which
frequently occurs in driving and within which the car runs at a relatively high
speed (cornering with a minimum radius of eurvature should not be taken for
basis becanse — although being associated with large skids — they do not
occur frequently and the driving speed in them is very low).
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Referring to the above example, the faet that the car is slightly tilted
i comparison to its initial position owing to the rather complicated turnings
of the fromt wheels, will be disregarded.

First, the co-ordinates of the centre € of the cornering having a radius of
curviture g, in the common lower tangent-plane of the wheels should be

iz

|
o
5
"__
o
d
o

Fig, 16

calculated. Equation of this planc is given (with a very reasonable approxima-
tion) by
s=—(4+R). (32)

The co-ordinates of point €, according to Fig. (16) are

Cl—a: o3 — (4 + R}] : (33)

Lt ug now determine the vectors CL — 5, and CR — 5,:

Sp= {a; b—ourd | R}, {34a)
So= {05 —b—p A -+ R} . (34b)

In the cornering of the average radius of curvature the front wheels are
turned to an extent that the normal N, of the plane of the nearside front
wheel should be parallel with 3, and the normal I, of the plane of the offside
front wheel should be parallel with 3. The axes of the rolling cones of the front
wheels mterseet point €. From the parallelism of the vectors it follows:
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.f_-\lll*rrr — P‘n."}n" M < ﬂ'!

ﬁu = S 1y = 0. (33)

By reducing the vector equalities to sets of equations consisting of equalities
of components of the vectors it is found that:

—cos x cos d sin(p, 4 £) + sinxsind — pu,a 510
cos & cos(y, + &) = pulb—n,) F = “I . [(36a)
—sin % cos 4 sin{g, | £)—cos xsin & = (A +R)

cog 3 cos O sin(p, +£) —sin 2 sin § = pea 5 =0
— cos & cos{py + &) =t lb+ ) e -ﬂ} . (36b)
sin % cos d sinfp, + &) + cosmweosd —pg(d + R 7

Fromi the above two sets of equations, the values of ¢ and ¢, may be obtained.
From the second equation of the set of equations (36a), concerning the nearside
wheel

ty (b—02) !

cos (§,+¢) — . (36e)
Cos 0 |
by making use of this equation and the relation
sinfg, + 2) = |[1— cost(g, + o), (364d)

the first and third equation of (36a) will take the form:

— COE ¥ CO8 r'iVI = [ Hu (b 25) T 4 sSinxsind — u,a, {3he /1)

cns

== 2
! -“'—'7{ Ca) cosxesind — p (4 4+R).  (30¢/2)
' cosd

Ei.u:-:-cuad} 1—

Enviding the two equations with cach other and arranging yields

+ V{:Dszé [ it 08 x—|—-{.-—1ilrﬂ}_sin x

asinx  (A+R)cos =

- sin® O

- |

dn = b—p,

and by replacing this into the first equation of the set of cquations (36a)
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I(.l'll T [ -“ {;ﬁ{—{}f_.—]—ﬂ}ﬂ-iﬂ x r -y
aeiny — (A-+R)cosx

sinxsind —a

sin(gate) = ——— L= R

>
COE 2 Cos

>0, 50,
from which ¢, may be found.
Similarly, from the set of equations (36b)

[ . E Ry i
Ill-' Pl [_ncns x+(ﬁ_ﬂﬂr, L
{4+R)cosx  asinx
b'l"Eu

- @-1Ein 2 sind
sin(py +-¢) — . (37)
cesxens
=0, =0,

from which ¢, may be obtained.

Substituting the values of ¢ and ¢, caleulated from formulas (37a) and
(37b) into Kq. (19} and adepting the value of =, the length r of the rods of the
trapezoid may be caleulated. From Eq. (16) also the length of the wheel-track
rod may be obtained.

From (19), by arranging

y = blsimiz—gg)fainfztg,) —2sina}

1 L
= [1—cos {2a+g,—q)] — &ine
Example
0=2m =0k m A=02m R=007m
A=Y =127 =3 o, = 30m ,
gin'd = 001785, cosd (1,9%9985 sinx = (L05234, cos == 009343

iz - min 4 = 000091 {nt the nearside wheel positive,
at the offside wheel negative)
o X cos d o= 0.99848 {at hoth wheels positive)

=

gint & =

{A+R)eos c — a sin 2

= CE - 0,99808 - 0,27 - 0,05334
— 2 |/ 0,99985: Bl o s sl RO T E ey D
]'I ; [ 0,27 - 099863 — 2 - 005234 | - MWILTESE = L3538

Heplaring these values into formulas (37a) and (37b)
1.953482
05— 30

0.99848
].9533_2_
Lot o N

090848

OS] —
zin {p, + )= - = 0,06724 ,
— 0091

sin gy - €)= = 0,06324 .
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Thus,

P = Eresin Q06728 |- 2°= Jo 51" L 9% — sea3F :
gy = are sin 0,06324 — 27 = 3% 38’ — 2% — 1° 3§° . ©

Let ae fiest assume that the lengthening lines of the rods of the trapezoid intersect in the mid-
point of the rear axle of the vehicle, then

tang =1/, &=71403", {Ca)
in this casze
&— ey = 147 (3" — 17 38" = Ja= a5+,
& @ = 14° 037 5° 51" = 19%54" ()
2 A — g = 320197,
The length of the rod of the trapesoid, according to (38)

0.5 (sin 12° 25" + «in 19754’ — 2 sin 14° 039
0,5(1 — cpg 32° 19°) — ain® 13" (37 =5
_ 0.5(0.21205 + 0,34038—2 - 0,24277) =
T 01— 0.84511) —p2a27E e o m.
This i a dimension which cannot be realized ! Assuming w = #°, from the formula (38)

r==

r=0.5m
iz found, and finally, the length of the wheel-track rod:

I'=2(b—rsina) =2 (0,5—0,5 - 0,64279) = 0,36 m .
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Bemcrkungen zur Lenkgeometrie van Personcnkraftwigen mit steifer Vorderachse.
Die rutschireie Bollbowesung der gesteuerten Vorderrdder eines Personenkraftwagens in
Kuarven kann mit guter Nilerung mit der bekannten Lenktrapes-Yorrchtung, durch gecignete
Wahl der Tdingen und Winkeleinstellungen der einzelnen Lenkstangen, gesichert werden, Je-
doch kann die Abweichung zwischen den zum reinen Hollen theoretisch erforderlichen wnd
durch das Lenktrapes gesicherten Drehwinkeln der Rider, hinsichtlich des Rutschens der
Riider, nur dann vernachlicsigt werden, wenn die Rader auf die Flichenehene der StraBe
senkrecht stehende, im zeometrischen Sinne genommen ebene Kreisflichen sind und die
ﬁchsschenk:lhulsm,. wm die die Rider gndreht werden kinnen, sich such in einer auf die Stra-
Benfliche senkrechten Stelle befinden. Infolge der wirklichen Stellung der Mittelebenen der
Vorderrider und der begrensten Ausdehnung der Radreifen, kiinnen in den Kurven swischen
den theoretischien und tatsiichlichen Rollhalbmessern ziemlich grobe Untersehiede anfrreten.
Dieee Abhandlung weist anf die Moglichkeit der Schaffung cines solehen Lenktrapezes hin,
das. unter der Voraussctmmg, dof die Radreifen kreisringfarmiz und die Vorderrider in
einem der Wirklichkeit entsprechenden Winkel cingestelit sind, die Rollbewegung der Vorder-
riider in den Kurven — wenigstens in ciner salehen mit cinem hiiufiz vorkommenden durch-
schaittlichen Ertimmungshalbmesser — theoretisch vollkommen, jedoch anch praktisch mit
gnier Niherung genan gestaltet. Die Uberlegungen bezichen sich sl einen Wagen mit starrer
Vordernchse,

3amedanHA K FeoMeT PR YIpaRIeHus aeTomobniel ¢ meerroil nepegueit ockir (T, Xyo-
mi ). HavcHie 063 CHROMBREHNN DEPEIH YOPIRIACMEN KONEC ABTOMOGITER Ha NOBOPOTIX
MOAET GRTh PEETO € XOPOTHM TRHATHAEIHEM € DOMOLEBW HIRCCTHOTE MeEXaHEEMa Py nesoil
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TPANeIE, 3 WMEHRO TR NODOOEAEN BRG0PE TIHHLE B Y CHIHABHBAEMOTD YTIa 0TI RHEN

prisaron. ORRaK0, OTEIOHEHIEM MEXRIY YTIAMH CMEIEHEF KO0EC, TRedy cMEm TeopeTHIeCkIE 1715

UHETGDO HaueHHA H NPAKTHYECKH ofCCOCCaBaEMEIM DVIeR0D TpamemHell, NpH TaKoM pyienom

MEXAHIEME MOAHD NPCHEOPEUL ¢ TOTHH 3PEHHA CRONbACHH HOJEC TONLKO B TOM COVHAS, £CImH

KOZeCd OPEACTABAANT Color NepNeAmHRYIAPHEEC K IDIOCKOCTH J0POrH TUOCKHE KpYITRe

TLIAcTHHS (8 FEOMETDHREECKOM OTHOUEHHH] H ecaH PYIACERIC MKBOPHH, BOKDYE KOTOPLIE MO

RO MEBEQHYTL KOMECE, NePHEHIHKYIADHL K IR0cKocTH fopori. Fa-aa relicrmurensuors noto-

FACCHEA HEITPATEHON TLI0CKOCTH TIEPeIHI KOTeC HEKOHENHLEE DAIMEDOR DESHIOELI DI MEHLY
TCOPETHEECKHME B JeHCTHITENLHLME DATHYCANME K3UeHHA [PH TOBOPOTE MOTYT HMETh MECTO

Deth foasinee oTHAOHEHHA. B jamioil CTaTee NONAZAHA BOSMORHOCTE OQOPMIEHIS Tk |
pyrenod TRAMEINA, B CIyHae KOTORON NOCTHrEEToH Te0PETHYECKN COREDITEHHN TOHDE, a4 NpaKk- I’
THHECKH € ROPGINY TPHOTHCCHHEM TOMHOE KadCHHE TICPeIHNK KOMec 1 ToBopoTns (Xats
B4 H3 MOBOPOTEX € PATHYCON NOBODOTA, BOTPESIHINNMEA C0 cpefaeii vactoroil), Hexoaa npy
STOM S AR © QOpMOIH B diie KPYIIOT0 KOJRIEA i DPHIHMAT IEPEIHHe Koleca ¢ YriaoMm Ha-
HI0HZ, COUTEETCTEVIOIIBM MelCTHmre smocT. TeOPeTHYECKHE paccy dleuns TeflcTnHTe s
A4 agromobanedl © wectroll mepeiselt ocbi.
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