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Fo fucilitate the computation ol sag cuused by bending and shear forees the involute
curve 1= wsmally approximated by various simpler curves such as piecewise linear seetions.
This paper describes the application of an approximate curve. the nse of which makes it
possible to compute the sup in o elosed form.,

L Principles of computing the sag

The inflection of the tooth is computed on the basis of Castigliano’s
Theorem. If a foree i= applied to a body at equilibrinm, the displacement
of the point of application is given by the partial derivative of the strain work
in the direction of, and with respect to, the applied foree,

Let us examine the tooth in a rectangular coordinate system as shown
in Fig. 1. The origin of the system ecoincides with the center of the gear, the
axis of symmetry of the tooth lies on the x axis, the ¥y axis is perpendicular
to the x axis. ry and r, denote the radii of the root cirele and of the addendum
circle, respectively. v(z) denotes the half-thickness of the tooth at .

Let us study the sag cansed by a foree F. when it is applied to a surface
point on the addendum circle, parallel to the y axis. The tooth is taken as
a beam, fixed to the dedendum circle. If one allows [, equal the strain work
and f equal the deflection of the midline of the tooth at the addendum eircle,
then by Castigliano’s theorem,

gL

s ol 1
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II. Stresses

The stress o on the tooth flank can only be a tangential stress o,
This stress can he expressed as the vector sum of two components o, and 7,
where g, is perpendicular to the plane of the cross section, while 7, is in this
plane, parallel to the ¥ axis (see Fig. 2).
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4 1. HUSZETHY

The stresses acting at the point P(x, ¥) can be computed by an approxi-
mate methoed [1] as follows:

Let us imagine that the tooth is put together by [ibres so that the
tangents to each and every fibre at points of the same abzeissa meel at the
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podnt S on the x axis. (The imaginary fibre through the point P is shown
by a broken line in Fig. 2.) Let the distance between point 5 and the examined
cross section be d — d(x) (a funetion of x). If the angle enclosed by the tangent

= = F— )
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—tee s e ——

Fig. 2

drawn to the extreme fibre at a point of abscissa x, and by the positive x
direction is g, then, for the given cross section, from the equation of the curve
of the tooth flank,

n{x',l = — tamgy = — v'{x);

Avin Technice Acadrmize Scientlierum Wuagaricae 53 (1966



AN APPROXTMATION FOL COMPUTING THE SAG OF IXNVOLUTE TEETH 5

or
- ).
v'{x)
The normal stress acting at the point Plx, y) can be computed from
the formula

(2}

M
a, = Wiy
A==y
where M = M(x} iz the bending moment; while I = I{x) is the inertia moment
of the cross section. The y-component of the tangential stress acting on the
fibre and originating at point P is
M M
T, =0 ,+tanp=— % - L= "
: - I o I-d
The sum of the stresses 1, in the y dircetion of the examined cross section is

V‘I =. iA}I}IJA .

where A denotes the entire arca of the cross section, since M, I and d are con-
stants for any given eross section, Substituting 7, we obtain

V= ik J yidA,
Id iy
and
ijy:ci_-i =T
thus,
oM
o

The force ¥, is balanced by the sum of the stresses 7,. A shear foree of magni-
tude F— V| remains which generates stresses 7. It is known [1] that the
distribution of these . in the cross section under study is [1]

Ty = - A

3 F_—E[,_J*“]
2 A v |

Henee, the magnitude of shear stress at the point P in the y direction is:

3 F—¥ | }'“] 3 .
SIS e ent i T e ok S s 3
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Arta Tochnien Academioe Seientiorum Hungariono 53 (1966




i L. HUSZETHY

IT11. The strain work

Part of the strain work caused biy the bending moment M(x) — F(r, — x)

e IR
Ly 2Ef. e

where E is Young's modulus of elasticity for the material of the tooth.
Denoting the face width (the dimension of the tooth normal to the =y
plane) by b, one can write in a cross seetion which is perpendicular to the x

AXI8:
oy — M2 28[s(a)p
12 3
Lhus.
(r —xp ;
. !-bF l _-1:”" rf.r. {1}

The strain work caused hy the shear foree in a volume element dK at
point P is:
1 .
dL, — 2 dK
G

where (x is the modulus of torsional shear for the material of the tooth. The
stram work ereated by the shear force in the entire tooth is obtained by
integrating the above EX[IFeESI01,

L, _-]_J' 2dK
i (K}

where K denotes the entire volume of the tooth. Substituting r from (3):

i *ix) b £ r 7 .
L'.-: — I_J J l [_{_ . _'P ';l \l _T' ] |_
E G Xk o Y —Px) o =l :'l- -"‘ t.!::

+£-_}’2 “dzdydx — 0 J.r= i‘m}[il = FI_.]“ (.I
Fo - 4

fd Y00 4‘

s Y e
-ﬂlf]la--ﬁ—-—'-"d[-=._| u M )y de
o v 4 i

where, for the sake of brevity, Fio Ay v. M, I and d are not shown as functions
of x. It has been taken into consideration that the shape of the tooth is sym-
metrical around the x axis,
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AN APPROXTMATION FOR COMPITTING THE SAG OF INVOLUTE THETH

Continping our integration we obtain:

i R 2t o
m=ij li_f_i\h_ Pl
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Considering that
M = Fir, — %)

L'l.l]l;

oM i)

simplification and factoring vields

T ‘T’FEL‘LG 6 [d —(r, - xJ)* Sgce d — (r, ) x) (ry — %) o |
: 56 L A2d? Alde
B (S [
T2z !
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b L. HUSZTIY

Substituting the expressions

dee =0 4. ops | po 20
' 2

the following expression is obtained for the strain work genecrated by the shear
foree:
3F [ 202 200(r, — &)+ B(ry — a)- ¥

s e — - dx. 3
% Ean = 'I.?"‘ {r }

IV. The sag

Partially differentiating the sum of L, from (4) and Le from (5) with
respect To F one obtains for the sag sought for

5] I [ I o [rs—at
f=— (L L) =—— __..J o fa 1
ﬁF 2b K ey v iﬁ.:l
ool J"“ 2vt 4 Ebft{ri—.r]l + 3 (s thid.x _
3'.2 o i

V. Approximate curve of the tooth flank

Let us usze the equation

iyl

to approximate the equation of the actual curve. The parameters & and § are
determined by the required conditions that the approximating curve must
pass through the points P, and P, on the dedendum circle and on the adden-
dum cirele, respectively (Fig. 3).

Let v; be the segmental arch of a circle between the two sides of the tooth
drawn through an arbitrary point P on the involute tooth flank. Let the centre
of the circle be at the origin of the coordinate system. Let r be the length
of the radial vector to the point P. Let the corresponding evolvent generating
angle be . Let the angle between the axis of symmetry and the radius of the
generating base circle drawn to the point of intersection between the upper
tooth flank and the base circle be 3. Then, as seen in Fig. 3,

LT,

2r

Fene = 7. {7
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AN APFROXIMATION FOR COMPUTING THE S5AG OF INVOLUTE TEETH o

Any combination of the values v, r and ¢ determines the angle 3. Thus, the
rectangular coordinates of an arhitrar}r involute point P are:

x =r cos (y — ere),

(8)
¥ = rsin (y — 2ve);
where

[

Fig. 3

The involute generating angles corresponding with P, on the dedendum
circle and P, on the addendom eircle are. respectively:

rl’]’
Ej = ATC o055,
=
' (9)
.
By, = arTC 008 - .
2 Y

Henee the coordinates of the two selécted involute points are

p .| %= ricos (v — eve ),
Uy =msin(y —eve) s

(10)
|

X, = ry oo [y —eve) ,
¥y = Fpsin (3 —evs) .

=

E

From the equation of the approximate curve of the tooth flank
wx = =t
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5ui)$lituting the ecoordinates of points P and

P, one obtains the following
system of cquations:

4
et A=

; (11)
wiep =5

From (11) one can compute x and [, This system of equations always has
a unique solution, sinee the determinant

201
0.
lel__'f:

VL. Approximate computation of the sag

knowing z and [ an approximate value of the sag can be computed
from (6} if the following relationships are taken into consideration:

+
y = vlx) = Vx4 f

and . & &
(x)= - =

3 V(xx £ B 342
For the two integrals let us first solve, ignoring the seale factors.

RSO O i e o OO St i

i v Jr, wmx B 2 ax - f

Carrying out the division in the integrand one obtains

1
; B g
- " —+2n gy * f
rs — 2« x o | - -4
wx - % = xx -+ B
Lt
1]
. F2r,
x v
=¥
%
and

ri+ fC = D.
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AN APPHONIMATION FidR COMPUTING THE SAG OF INVOLUTE TEETI 11

Then the integral expressing the sag caused by bending action is written as

i & [
et 2 far=]— 2 et 2 ‘x_:.-f.*. ’
S bt zx - f s 2 o A (12)
e -"-1—"[fo:. -1} —Clry - ny) +£ln bt b
2 & wry + f

The other integral to be solved is:

P2 L 2w — x) 3 — xP 1:"3‘Elr
=g —
<

Substituting the expression

one obtains the following integral:

i‘r! 69+ 2a(r, — ) v* 4 22 (r, - 2P y
o L d:

i 3v?

After the substitution of the ordinates of the approximate curve of the tooth
{lank we abtain

T O(xx - BF +2ar —x)(ax+ f 2P (x4

i 3 VG T A7

Introducing the substitution

ax +— p=ut.
one obtains

. — g
. r=
(= 5
amd
3ut di
dx — - :
L o
The limits x = ry and x — r, must. of course. also be transformed into
3_-- —
iy == I-"'ccTI -
ani

3
iy = Jorg + 8,
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12 L. HUSZTHY

respectively. This change of variables and some rearrangement gives

‘1_ [‘u:Su“ | [“i_ﬂs diy =— L{E 5 _{ikr’f"‘ LEF'J.I ”’Z

o e x| 2 but |, (13)
:_1_ i{ul—i_uu} (x4 8y 1 x,

g | b ' 7 u'

Substituting the results from (12) and (13), into {6}, an approximate value
is obtained for the sag.

VII. Example

Given a gear of the following dimensions: m — 1 em, = = 39, ¢, = 20° b — 10 cni,
E =2 - 105 kplem?®
Compute the sag at a load F = 300 kp.
1. Pitch circle radins: v, = maf2 =1 + 39/2 = 19.5 cm;
2. Base circle radius: vy = ry oz £, = 19.5 - cos 207 = 19,5 - 0,9396% — 19,3239 cms:
Ao Dedendum civele radins: vy =r;, — 7/6 m = 19,5 — 11667 — 18,3333 em:
4, Addendum cirele rodivs: r, = r, +m =195 &+ L — 205 em:

5. Computation of the anglo 3.

Cougidering the piteh cirele radins, the pressure angle and that

vp= R =i =1+ 3. 14159/2 = 15708 om:

From (T) we et

42 _ L5308 . 15708 =
T R 77 1 e T e
= 0352 rad = 350743"",
and from (9%
i 1w L
£ = ALC Cos r-1— UFC CoR 183335 1°50":
) My 18,3239 s o
Fy = 2EC 005 = ure :uﬁm—ﬁﬁ 387195

e £y = tan 5 — o= 03201 — 003199 = 000002 = 04"';
ev by = tam 2, — &, = 0.50161 — 0,46493 = 0,03668 — 206°06”,

Go From {10) the coordinates of the point P, on the dedendum cirele are:

¥, — 7, 008 {3 — ev ;) = 18,3333 cos (3°0043"" — 04 —
= 18,3333 cos 3°09739" = 14,3333 - 099848 = 18,3054 cmiz
¥o o rpsin (3 — e R ) = 18,3333 sin 3709°39" = 18,3333 - 0.05512 = L0105 em.
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AN APPROXIMATION FOR COMPUTING THE 2AG OF INVOLUTE TEETH

7. Alse from {10} the coordinaies of the poine P on the addendum cirels are :
ot 2y ==y eos-{3 — Foa) = 20,5 cos{3709°43"" — 2706067 =
= 20,5 eos 03BT = 205 « 0.99983 = 20,4965 oy
Yo =7y A — e ) = 20:5 < xin 103737 =
= 20,5 - 001850 = 0,3TE cont.

8. Computation of the parameters of the curve

-_—T

y=lox 4§

passing threugh the points P, (18,3054 LOL0S) and P, (20,4963; 0,3798) fram (11}
18,3054 o - [J = 1,0105°
20,4065 &+ §= 037937,
Solving the system of equations one obtains:
i = —0ud450,
f= 91942,
To compute the portion of the sag coused by bending aection one needs Lo obtain

R LN o ong
o = S e 43,7066
ol & 1,459 e R

D =2 4 A0 = 2005 1 9,1942 (—45.7066) = (L0144,

From (6}, iznoring the multiplier 35/2h one obtains for the sag by bending:

1 i —xF - I 1 4 ] v b WHTFHIJ_
- E,Ir. T =g |es =T T = w1
I I e A
= Ly R (8050 — 1533332 5.7 Lo — 18,3333} -
20 LE{— BRI = A R "

00144 0.4459 - 20,5 - 91942

¢ e AL — k{1 2 i
04439 | - 0.4459 - 18,3333 | 9.1942 i
For {13} u; and w; can be compirted as follows:

uy, = Var, + f = ¥ — 0,4439 - 16,3333 4 91942 — 1,0064;

i - 5 — —_— ~—
uy = Very+ f = V— 0,4459 - 205 + 9,1942 = 0,3763.
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14 L HUSETHY

That portion of the sig which is due to shearing action is ohtained from

() as follows, igmoring
the multiplier 35724 -
Eorfda? 4+ 2o’ (e —x) | 3(re — 22
s 2 ; - ix
N v
1 1 3 - " (ram - ) | 1"
TE o ﬂ-{u: — u5) - T [—ug— _'“’ﬁ'}""
I 1 5
; u gy
T oy v [ 5 {0.3763 1,064}
(~205 + 0.4459 + 9.1942)° 1 o
0" | o 3"{.3" '|.nuh.;T” =00 B0 SE5: -
Hence the total sag from both bending and shearing action is
- F ; 3
I 55 [0 (WF2 389 = 0,000 00T 315
30+ Samh -
ot O 000 B0E 705« 0000 2779 e 0 27T s

VI Estimating the error of approximation

In the example most of the sag comes from bending action. Assuming

that the tooth thickness computed from the equation for the approximate
curve 18

Av(x) ,

where v(x) is the actual tooth thickness and 2 constunt. then, ignoring the con-
stant multiplier, in lieu of the integral

r, (x

,] M _Ll 7
o [v(x)F

the integral has heen solved by means of the dapproximation:

3 J (M=) 5. T
) [ e

Sinee A is actually not a constant the estimated error is greatly increased.

(4 varies from zero at the points P, and P, to a maximum at the pitch point.)
Thus a conservative estimate of the relative error is:

J

o B, 1
Gaie e e Fil
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AN APPHRONIMATION FOR COMPUTING THE SAG OF INVOLUTE TEETH 15

From (10} the wctual ¥, und vy erdinates are computed of o suefuce point on the piteh cirele:
¥y = Fyain (P — e e} = 19,5 - an (3709783 — 0U51715°7)
= 10,5 = #in. 2"18°30"" = 19.5 » 004027 = 0.7853 rm,
The corresponding ahseizsn iz
xy=rgeas{y — ew £ )= 195 - cos 2°I8730"" = 19.5 + 0.09910 = 19,4842 cm.
From the sgquation of the approximate eurve:

T —— s - £ PESE
¥ = Vax, |- @ = F—0,4459 - 10,4842 + 9102 = 00,7969 cm.
Far the piteh point:
v 0,7969 :
e g SN ma TiDLE
Yo o 0THESS i

Azanming the valoe of 4 1o be constant along the entive length of the tooth flank. the estimated
error of the sag is

1 1 _
e B e bz = 05
Thus the error i¢ about 5%,
REFERENCE
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ANNAHERNDE BERECHNUNG DER DURCHBIEGUNG VON
EYOLYENTENZAHNEN
L. TIUSETHY
ZUSAMMENFASSUNIG

Eei der Berechnung der durch die Biege- und die Scherkralt verarsachten fahnbiegong
it e= ihlich, den Evelventenbogen durch wversehiedene einfachers Kurven (teilweise durch
rerade Strecken) sn ersetwen, Dax hier geseigte Verfabren bernht anf der Anwendung einer
Niherungslkurve, die es ermiglicht, die Durchbiegong in geschlossener Form #u berechnen.

CALCUL APPROCHY DU FLECHISSEMENT DES DENTURES A DEVELOPPANTE
L. HUSETHY
RESUME

Lores du ealenl du fléchissement de la dent, di anx forces de flexion ot de eisaillement,
la courbe développante est remplacée généralement par des courbes plus simples (¢t en partie
par des sections de droite). Le procédé présenté par Pautenr eonsiste dans Dapplication d'ane
comrhe approchée permeltant le calenl do fléchissement #ous une forme finge.

MPUBITHMAHEHHLIA PACUET ITPOCMGA 3BOABBEHTHRIN 3VELER
I KWCTH
PE3HIMIZ

Tt BREMHCASHIN GROrMia 2y0ees 0T N3rHBa0mER 1 Cpesmoniin Yol ofumi mpn-
HSTO SAMCHATH SHOTRECHTHYIO AYTY PAsantHbin GOAce NPHcTHsil Kpiantal (MAcTiams mpi-
MOTHHETARMA oTpeseami). TIpHBCICHHR B CTATHE METOL COUTONT B IPHMEHEHITT TAKOD TTpmi-
MrEeHHOT KpHBoil, KOTOPAH MOSBOIACT TPOHIBCCTI BLIMITCICHNE IpOTrHTa I ScpuToll opme.
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